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Fundamentals of DVR with Libra



𝑟 Ψ = Ψ 𝑟, 𝑡 = 
𝑖∈𝑔𝑟𝑖𝑑,

𝑎

Ψ𝑎 𝑟𝑖 , 𝑡 𝛿(𝑟 − 𝑟𝑖) ۧ|𝑎

Wavefunction is discretized on a grid

PSI_dia = 
Ψ0(𝑟0)
…

Ψ𝑁−1(𝑟0)
,

Ψ0(𝑟1)
…

Ψ𝑁−1(𝑟1)
, … ,

Ψ0(𝑟𝑁𝑝𝑡𝑠−1)
…

Ψ𝑁−1(𝑟𝑁𝑝𝑡𝑠−1)

Ψ Ψ = 
a,𝑏,𝑖,𝑗

න𝑑𝑟Ψ𝑎
∗ 𝑟𝑖 Ψ𝑏 𝑟𝑗 𝛿(𝑟 − 𝑟𝑖)𝛿(𝑟 − 𝑟𝑗) 𝑎 𝑏 = Δ𝑟

a,𝑖
Ψ𝑎
∗ 𝑟𝑖 Ψ𝑎 𝑟𝑖

Ψ መ𝐴 Ψ =
a,𝑏,𝑖,𝑗

න𝑑𝑟Ψ𝑎
∗ 𝑟𝑖 Ψ𝑏 𝑟𝑗 𝛿 𝑟 − 𝑟𝑖 𝛿 𝑟 − 𝑟𝑗 𝐴𝑎𝑏(𝑟) = Δ𝑟

a,b,𝑖
Ψ𝑎
∗ 𝑟𝑖 𝐴𝑎𝑏(𝑟𝑖)Ψ𝑎 𝑟𝑖

Overlaps

Matrix elements of operators

In Libra, any N-dimensional grid is “linearized” this way via a mapping function

Wavefunction is discretized on a grid

This could be thought of as using the basis of grid-point functions ۧ|𝑖, 𝑎 : 𝑟 Ψ = 𝛿(𝑟 − 𝑟𝑖) ۧ|𝑎



Momentum representation

Reciprocal-space (momentum) 

wavefunction

𝜓𝑎(𝒓, 𝑡) = න ෨𝜓𝑎 𝒌, 𝑡 𝑒2𝜋𝑖𝒓𝒌𝑑𝒌 ෨𝜓𝑖(𝒌, 𝑡) = න𝜓𝑖 𝒓, 𝑡 𝑒
−2𝜋𝑖𝒓𝒌𝑑𝒓

Real-space (coordinate) 

wavefunction

𝜓𝑖 𝑥 −𝑖
𝜕
𝜕𝑥

𝑛

𝜓𝑗 𝑥 =
𝑖,𝑗
න𝑑𝑥 න ෨𝜓𝑖 𝑘 𝑒2𝜋𝑖𝑥𝑘𝑑𝑘 −𝑖

𝜕

𝜕𝑥

𝑛

න ෨𝜓𝑗 𝑘′ 𝑒2𝜋𝑖𝑥𝑘′𝑑𝑘′

= −𝑖 𝑛
𝑖,𝑗
න𝑑𝑥 න ෨𝜓𝑖 𝑘 𝑒2𝜋𝑖𝑥𝑘𝑑𝑘

∗

2𝜋𝑖 𝑛න𝑘′𝑛 ෨𝜓𝑗 𝑘′ 𝑒2𝜋𝑖𝑥𝑘′𝑑𝑘′

= 2𝜋 𝑛
𝑖,𝑗
න𝑑𝑥𝑑𝑘𝑑𝑘′ ෨𝜓𝑖

∗ 𝑘 𝑒−2𝜋𝑖𝑥𝑘 𝑘′ 𝑛 ෨𝜓𝑗 𝑘′ 𝑒2𝜋𝑖𝑥𝑘′

= 2𝜋 𝑛
𝑖,𝑗
න𝑑𝑘𝑑𝑘′ ෨𝜓𝑖

∗ 𝑘 𝛿 𝑘 − 𝑘′ 𝑘′ 𝑛 ෨𝜓𝑗 𝑘′ = 2𝜋 𝑛
𝑖,𝑗
න𝑑𝑘 ෨𝜓𝑖

∗ 𝑘 𝑘𝑛 ෨𝜓𝑗 𝑘

→ 2𝜋 𝑛Δ𝑘
𝑖,𝑗,𝑚

෨𝜓𝑖
∗ 𝑘𝑚 𝑘𝑚

𝑛 ෨𝜓𝑗 𝑘𝑚



𝜕𝑡Ψ𝑖 𝒓𝑛, 𝑡𝑚 =
1

2Δ𝑡
Ψ𝑖 𝒓𝑛, 𝑡𝑚+1 −Ψ𝑖 𝒓𝑛, 𝑡𝑚−1

∇𝒓𝛼Ψ𝑖 𝑥𝑛, 𝑡𝑚 =
1

2Δ𝑟𝛼
Ψ𝑖 𝒓𝛼,𝑛+1, 𝑡𝑚 −Ψ𝑖 𝒓𝛼,𝑛−1, 𝑡𝑚

Solution of the TD-SE

𝑖ℏ
𝜕Ψ(𝑟, 𝑡)

𝜕𝑡
= 𝐻Ψ 𝑟, 𝑡 = 𝑇 + 𝑉 Ψ 𝑟, 𝑡

∇𝒓𝛼
2 Ψ𝑖 𝑥𝑛, 𝑡𝑚 =

1

4Δ𝒓𝛼
2 Ψ𝑖 𝒓𝛼,𝑛+2, 𝑡𝑚 − Ψ𝑖 𝒓𝑛 , 𝑡𝑚 − [Ψ𝑖 𝒓𝑛, 𝑡𝑚 − Ψ𝑖 𝒓𝛼,𝑛−2, 𝑡𝑚 ] =

1

4Δ𝑟𝛼
2 Ψ𝑖 𝒓𝛼,𝑛+2, 𝑡𝑚 − 2Ψ𝑖 𝒓𝑛 , 𝑡𝑚 + Ψ𝑖 𝒓𝛼,𝑛−2, 𝑡𝑚

Finite difference evaluation of the derivatives



𝑖ℏ
𝜕 ۧ|Ψ(𝑡)

𝜕𝑡
= 𝐻 ۧ|Ψ(𝑡) = 𝑇 + 𝑉 ۧ|Ψ(𝑡)

Solution of the TD-SE

Split-operator method  (Kosloff & Kosloff)

ۧ|Ψ(𝑡 + Δ𝑡) = exp −
𝑖Δ𝑡

ℏ
𝐻 ۧ|Ψ(𝑡) = exp −

𝑖Δ𝑡

ℏ
𝑇 + 𝑉 ۧ|Ψ(𝑡) ≈ exp −

𝑖Δ𝑡

2ℏ
𝑉 exp −

𝑖Δ𝑡

ℏ
𝑇 exp −

𝑖Δ𝑡

2ℏ
𝑉 ۧ|Ψ(𝑡)

Ψ𝑎(𝑟𝑖 , 𝑡′) = 𝑟𝑖ۦ , 𝑎| exp −
𝑖Δ𝑡

2ℏ
𝑉 ۧ|Ψ(𝑡) = |𝑟𝑖ۦ exp −

𝑖Δ𝑡

2ℏ
𝑉 

𝑗,𝑏

ൿ|𝑟𝑗 , 𝑏 ൻ𝑟𝑗 , 𝑏 ۧ|Ψ(𝑡) =

𝑗,𝑏

𝑟𝑖 , 𝑎 exp −
𝑖Δ𝑡
2ℏ

𝑉 𝑟𝑗 , 𝑏 𝑟𝑗 , 𝑏 Ψ(𝑡)

=

𝑗,𝑏

𝑎 exp −
𝑖Δ𝑡
2ℏ

𝑉 𝑟𝑖 𝑏 𝛿𝑖𝑗Ψ𝑏 𝑟𝑗 , 𝑡 = 

𝑏

exp −
𝑖Δ𝑡

2ℏ
𝑉 𝑟𝑖

𝑎𝑏

Ψ𝑏 𝑟𝑖 , 𝑡

෩Ψa 𝑘𝑖 , 𝑡′′ = 𝑘𝑖ۦ , 𝑎| exp −
𝑖Δ𝑡

ℏ
𝑇 ۧ|Ψ(𝑡) = 𝑘𝑖ۦ , 𝑎| exp −

𝑖Δ𝑡

ℏ
𝑇 

𝑗,𝑏

ൿ|𝑘𝑗 , 𝑏 ൻ𝑘𝑗, 𝑏 ۧ|Ψ(𝑡)

=

𝑗,𝑏

𝑘𝑖 , 𝑎 exp −
𝑖Δ𝑡
2ℏ

𝑇 𝑘𝑗 , 𝑏 𝑘𝑗 , 𝑏 Ψ(𝑡) =

𝑗,𝑏

exp −
𝑖Δ𝑡

2ℏ

𝑘𝑖
2

2𝑚
𝛿𝑖𝑗𝛿𝑎𝑏෩Ψ𝑏(𝑡) = exp −

𝑖Δ𝑡

2ℏ

𝑘𝑖
2

2𝑚
෩Ψ𝑎(𝑡)



Fundamentals of HEOM with Libra

https://compchem-cybertraining.github.io/Cyber_Training_Workshop_2021/files/Jain-HEOM.pdf

See here


