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Solving the Time-Dependent Schrödinger Equation (TDSE)



CyberTraining Workshop Summer 20225

Multi-Configurational Time-Dependent Hartree

Matching Pursuit/Split Operator Fourier Transform

Basis Expansion Leaping Multi-Configuration Gaussian

Fixed-Grid

Ab Initio Multi-Configurational Ehrenfest

Adaptive Trajectory-Guided Scheme 

Ab Initio Multiple Spawning

Trajectory-Based

MCTDH: Chem. Phys. Lett., 1990, 165, 73-78

MP/SOFT: J. Chem. Phys., 2004, 121, 1676-1680

BEL-MCG: J. Chem. Phys., 2018, 149, 134113

AIMS: J. Phys. Chem. A., 2000, 104, 22, 5161-5175

AI-MCE: J. Chem. Phys., 2012, 137, 22A506

aTG: J. Chem. Theor. Comput., 2017, 13, 3085-3096

Solving the Time-Dependent Schrödinger Equation (TDSE)
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Multi-Configurational Time-Dependent Hartree

Matching Pursuit/Split Operator Fourier Transform

Basis Expansion Leaping Multi-Configuration Gaussian

Fixed-Grid

Ab Initio Multi-Configurational Ehrenfest

Adaptive Trajectory-Guided Scheme 

Ab Initio Multiple Spawning

Trajectory-Based

MCTDH: Chem. Phys. Lett., 1990, 165, 73-78

MP/SOFT: J. Chem. Phys., 2004, 121, 1676-1680

BEL-MCG: J. Chem. Phys., 2018, 149, 134113

AIMS: J. Phys. Chem. A., 2000, 104, 22, 5161-5175

AI-MCE: J. Chem. Phys., 2012, 137, 22A506

aTG: J. Chem. Theor. Comput., 2017, 13, 3085-3096

Solving the Time-Dependent Schrödinger Equation (TDSE)

QTAGJ. Chem. Theory Comput. 2020, 16, 18−34
DOI: 10.1021/acs.jctc.9b00844
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Multi-Configurational Time-Dependent Hartree

Matching Pursuit/Split Operator Fourier Transform

Basis Expansion Leaping Multi-Configuration Gaussian

Fixed-Grid

Ab Initio Multi-Configurational Ehrenfest

Adaptive Trajectory-Guided Scheme 

Ab Initio Multiple Spawning

Trajectory-Based

MCTDH: Chem. Phys. Lett., 1990, 165, 73-78

MP/SOFT: J. Chem. Phys., 2004, 121, 1676-1680

BEL-MCG: J. Chem. Phys., 2018, 149, 134113

AIMS: J. Phys. Chem. A., 2000, 104, 22, 5161-5175

AI-MCE: J. Chem. Phys., 2012, 137, 22A506

aTG: J. Chem. Theor. Comput., 2017, 13, 3085-3096

Solving the Time-Dependent Schrödinger Equation (TDSE)

Quantum Trajectory-guided Adaptable Gaussian 
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Quantum Trajectories 
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Quantum Trajectories 

https://en.wikipedia.org/wiki/Louis_de_Broglie

https://en.wikipedia.org/wiki/David_Bohm

Bohm, D., A suggested interpretation of the quantum theory in terms of 
"hidden" variables. Physical Review, 1952, 85 (2), 166-179

de Broglie - Bohm Mechanics

Louis de Broglie David Bohm

https://en.wikipedia.org/wiki/Louis_de_Broglie
https://en.wikipedia.org/wiki/David_Bohm
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Quantum Trajectories 
de Broglie - Bohm Mechanics

<latexit sha1_base64="xiebU48+B17bJiqWdite0c1Wh0w=">AAACCnicbZC7TsMwFIadcivlFmBkMVRIRUIlQQhYkAosjEXQi9SEynGd1qrjRLaDqKLOLLwKCwMIsfIEbLwNbpoBWo5k+dP/nyP7/F7EqFSW9W3kZmbn5hfyi4Wl5ZXVNXN9oy7DWGBSwyELRdNDkjDKSU1RxUgzEgQFHiMNr3858hv3REga8ls1iIgboC6nPsVIaaltbjtVSUsP+2rv7Dy9yF1Cb1I6cHoeEsO2WbTKVlpwGuwMiiCratv8cjohjgPCFWZIypZtRcpNkFAUMzIsOLEkEcJ91CUtjRwFRLpJusoQ7mqlA/1Q6MMVTNXfEwkKpBwEnu4MkOrJSW8k/ue1YuWfugnlUawIx+OH/JhBFcJRLrBDBcGKDTQgLKj+K8Q9JBBWOr2CDsGeXHka6odl+7hsXx8VKxdZHHmwBXZACdjgBFTAFaiCGsDgETyDV/BmPBkvxrvxMW7NGdnMJvhTxucPcc+Y2w==</latexit>

 (x, t) = A(x, t)eiS(x,t)/~

Polar wavefunction w/ real amplitude A(x,t) 
and phase S(x,t)

<latexit sha1_base64="dapPSDcd449kHUFOXqN17P6LXvQ="></latexit>

i~@ 
@t

= �
⇣ ~2
2m

⌘
r2 + V (x) 

Time-dependent Schrodinger Equation 
(TDSE)

Trajectory position and momentum 
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Quantum Trajectories 
de Broglie - Bohm Mechanics

Trajectory View
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Adaptable Gaussians 
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Adaptable Gaussians 

ak=4.5

qk=2.0

pk=0.0

Basis View

gk =
NdY

⌫=1

⇣a⌫,k
⇡

⌘1/4
exp

⇣
� a⌫,k

2
(x⌫ � q⌫,k)

2 + ıp⌫,k(x⌫ � q⌫,k)
⌘

<latexit sha1_base64="mtkeVIfAQDHxsag5KI2kvRI88VU="></latexit>

Nd-dimensional Gaussian basis function with position (q), phase (p), 
and width (a) parameters
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Adaptable Gaussians 

ak=4.5

qk=2.0

pk=0.0

Basis View

gk =
NdY

⌫=1

⇣a⌫,k
⇡

⌘1/4
exp

⇣
� a⌫,k

2
(x⌫ � q⌫,k)

2 + ıp⌫,k(x⌫ � q⌫,k)
⌘

<latexit sha1_base64="mtkeVIfAQDHxsag5KI2kvRI88VU="></latexit>

 (x, t) =
NbX

k=1

ck(t)gk(x, t)
<latexit sha1_base64="Pxi/X1Oq0vddBYW2IXkqF7P6Jh4=">AAACHnicbVDLSsNAFJ34tr6qLt0MlkILUhIf6EYQ3bgSBfuApobJdNIOmTyYuRFLyJe48VfcuFBEcKV/47QG1NYDMxzOuZd773FjwRWY5qcxNT0zOze/sFhYWl5ZXSuubzRUlEjK6jQSkWy5RDHBQ1YHDoK1YslI4ArWdP2zod+8ZVLxKLyGQcw6AemF3OOUgJac4oEdK15JbdfDd9kOVI9tlQRO6h9b2U164bgZpo5fgWpP/z9VTrFk1swR8CSxclJCOS6d4rvdjWgSsBCoIEq1LTOGTkokcCpYVrATxWJCfdJjbU1DEjDVSUfnZbislS72IqlfCHik/u5ISaDUINC7lgMCfTXuDcX/vHYC3lEn5WGcAAvp9yAvERgiPMwKd7lkFMRAE0Il17ti2ieSUNCJFnQI1vjJk6SxW7P2artX+6WT0zyOBbSFtlEFWegQnaBzdInqiKJ79Iie0YvxYDwZr8bbd+mUkfdsoj8wPr4AiFaheQ==</latexit>

Nd-dimensional Gaussian basis function with position (q), phase (p), 
and width (a) parameters

Generic wavefunction constructed from Gaussian basis functions, 
each multiplied by a complex amplitude c(t)
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Quantum Trajectory-guided Adaptable Gaussians 

Wavefunction View

Basis Functions
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Basic User Interface

dyn_params {Python dictionary of dynamics parameters}

model_params {Python dictionary of potential parameters}
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compute_model( )

compute.run_qtag( )

plot.plotting_fxn( )

Basic User Interface
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Libra 
QTAG

compute_model( )

compute.run_qtag( )

plot.plotting_fxn( )

Basic User Interface
Method Details
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compute_model( )

compute.run_qtag( )

plot.plotting_fxn( )

Basic User Interface
Method Details

Libra 
QTAG
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compute_model( )

compute.run_qtag( )

plot.plotting_fxn( )

Basic User Interface
Method Details

State 1

State 2

State 3Libra 
QTAG
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compute_model( )

compute.run_qtag( )

plot.plotting_fxn( )

Basic User Interface
Method Details1. Computing Basis Coefficients

Compute Hamiltonian Matrix Elements

Solve Eigenvalue Problem HZ=SZ𝜀

Update Basis Coefficients from Eigenvalues/
vectors

Compute Overlap Matrix Elements

Update Basis Parameters {p,a,s}

Update Positions

Compute Time Overlap Matrix Elements

Calculate Momentum from Wavefunction

2. Updating Trajectory Parameters
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1. Computing Basis Coefficients

Compute Hamiltonian Matrix Elements

Solve Eigenvalue Problem HZ=SZ𝜀

Update Basis Coefficients from Eigenvalues/
vectors

Compute Overlap Matrix Elements

src/dyn/qtag/qtag.cpp
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<latexit sha1_base64="nJmEYWi5NngOt5IHYHrc7RQXk0k=">AAACCXicbVC7TsMwFHV4lvIqMLJYVEhMVYIQsCBVsDAWQR9SG0WOe5O6dZzIdpCq0JWFX2FhACFW/oCNv8FNO0DLke7V0Tn3yr7HTzhT2ra/rYXFpeWV1cJacX1jc2u7tLPbUHEqKdRpzGPZ8okCzgTUNdMcWokEEvkcmv7gauw370EqFos7PUzAjUgoWMAo0UbySvjWy1h/dNHhRIQccOgx/GB6H3dkrnilsl2xc+B54kxJGU1R80pfnW5M0wiEppwo1XbsRLsZkZpRDqNiJ1WQEDogIbQNFSQC5Wb5JSN8aJQuDmJpSmicq783MhIpNYx8MxkR3VOz3lj8z2unOjh3MyaSVIOgk4eClGMd43EsuMskUM2HhhAqmfkrpj0iCdUmvKIJwZk9eZ40jivOacW5OSlXL6dxFNA+OkBHyEFnqIquUQ3VEUWP6Bm9ojfryXqx3q2PyeiCNd3ZQ39gff4ApP+Zqg==</latexit>

Sij = hgi|gji

1. Computing Basis Coefficients

Compute Hamiltonian Matrix Elements

Solve Eigenvalue Problem HZ=SZ𝜀

Update Basis Coefficients from Eigenvalues/
vectors

Compute Overlap Matrix Elements

src/dyn/qtag/qtag.cpp
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<latexit sha1_base64="nJmEYWi5NngOt5IHYHrc7RQXk0k=">AAACCXicbVC7TsMwFHV4lvIqMLJYVEhMVYIQsCBVsDAWQR9SG0WOe5O6dZzIdpCq0JWFX2FhACFW/oCNv8FNO0DLke7V0Tn3yr7HTzhT2ra/rYXFpeWV1cJacX1jc2u7tLPbUHEqKdRpzGPZ8okCzgTUNdMcWokEEvkcmv7gauw370EqFos7PUzAjUgoWMAo0UbySvjWy1h/dNHhRIQccOgx/GB6H3dkrnilsl2xc+B54kxJGU1R80pfnW5M0wiEppwo1XbsRLsZkZpRDqNiJ1WQEDogIbQNFSQC5Wb5JSN8aJQuDmJpSmicq783MhIpNYx8MxkR3VOz3lj8z2unOjh3MyaSVIOgk4eClGMd43EsuMskUM2HhhAqmfkrpj0iCdUmvKIJwZk9eZ40jivOacW5OSlXL6dxFNA+OkBHyEFnqIquUQ3VEUWP6Bm9ojfryXqx3q2PyeiCNd3ZQ39gff4ApP+Zqg==</latexit>

Sij = hgi|gji

<latexit sha1_base64="zFtaih49GP3T+Ib8pluBSw2EKQM=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUBIRdSMU3RTcVLAPaEKYTCfptJNJmJkIJe0nuPFX3LhQxK1Ld/6N0zYLbT1w4cw59zL3Hj9hVCrL+jYWFpeWV1YLa8X1jc2tbXNntyHjVGBSxzGLRctHkjDKSV1RxUgrEQRFPiNNv38z9psPREga83s1SIgboZDTgGKktOSZR1Uvo73RlcMQDxmBoUfh8BaewAYc6kcPOmJieGbJKlsTwHli56QEctQ888vpxDiNCFeYISnbtpUoN0NCUczIqOikkiQI91FI2ppyFBHpZpODRvBQKx0YxEIXV3Ci/p7IUCTlIPJ1Z4RUV856Y/E/r52q4NLNKE9SRTiefhSkDKoYjtOBHSoIVmygCcKC6l0h7iKBsNIZFnUI9uzJ86RxWrbPy/bdWalyncdRAPvgABwDG1yACqiCGqgDDB7BM3gFb8aT8WK8Gx/T1gUjn9kDf2B8/gBmxJuN</latexit>

Hij = hgi|K + V |gji

<latexit sha1_base64="m627WhD8cWxq38Wh402xP45hpN0=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVAlCwIJUwdKxSPQhNVHkuE7q1nEi20Gq0n4DC7/CwgBCrExs/A1umgFajnSl43Pule89fsKoVJb1bSwtr6yurZc2yptb2zu75t5+S8apwKSJYxaLjo8kYZSTpqKKkU4iCIp8Rtr+8Hbqtx+IkDTm92qUEDdCIacBxUhpyTNP615GB5NrhyEeMgJDj8Jxy8twwiZwrJ8D6Ijc8syKVbVywEViF6QCCjQ888vpxTiNCFeYISm7tpUoN0NCUczIpOykkiQID1FIuppyFBHpZvlJE3islR4MYqGLK5irvycyFEk5inzdGSHVl/PeVPzP66YquHIzypNUEY5nHwUpgyqG03xgjwqCFRtpgrCgeleI+0ggrHSKZR2CPX/yImmdVe2Lqn13XqndFHGUwCE4AifABpegBuqgAZoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP7hhnYE=</latexit>

Hij = hgi|Vcpl|gji
(single-surface)

(multi-surface)

1. Computing Basis Coefficients

Compute Hamiltonian Matrix Elements

Solve Eigenvalue Problem HZ=SZ𝜀

Update Basis Coefficients from Eigenvalues/
vectors

Compute Overlap Matrix Elements

src/dyn/qtag/qtag.cpp
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<latexit sha1_base64="nJmEYWi5NngOt5IHYHrc7RQXk0k=">AAACCXicbVC7TsMwFHV4lvIqMLJYVEhMVYIQsCBVsDAWQR9SG0WOe5O6dZzIdpCq0JWFX2FhACFW/oCNv8FNO0DLke7V0Tn3yr7HTzhT2ra/rYXFpeWV1cJacX1jc2u7tLPbUHEqKdRpzGPZ8okCzgTUNdMcWokEEvkcmv7gauw370EqFos7PUzAjUgoWMAo0UbySvjWy1h/dNHhRIQccOgx/GB6H3dkrnilsl2xc+B54kxJGU1R80pfnW5M0wiEppwo1XbsRLsZkZpRDqNiJ1WQEDogIbQNFSQC5Wb5JSN8aJQuDmJpSmicq783MhIpNYx8MxkR3VOz3lj8z2unOjh3MyaSVIOgk4eClGMd43EsuMskUM2HhhAqmfkrpj0iCdUmvKIJwZk9eZ40jivOacW5OSlXL6dxFNA+OkBHyEFnqIquUQ3VEUWP6Bm9ojfryXqx3q2PyeiCNd3ZQ39gff4ApP+Zqg==</latexit>

Sij = hgi|gji

<latexit sha1_base64="zFtaih49GP3T+Ib8pluBSw2EKQM=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUBIRdSMU3RTcVLAPaEKYTCfptJNJmJkIJe0nuPFX3LhQxK1Ld/6N0zYLbT1w4cw59zL3Hj9hVCrL+jYWFpeWV1YLa8X1jc2tbXNntyHjVGBSxzGLRctHkjDKSV1RxUgrEQRFPiNNv38z9psPREga83s1SIgboZDTgGKktOSZR1Uvo73RlcMQDxmBoUfh8BaewAYc6kcPOmJieGbJKlsTwHli56QEctQ888vpxDiNCFeYISnbtpUoN0NCUczIqOikkiQI91FI2ppyFBHpZpODRvBQKx0YxEIXV3Ci/p7IUCTlIPJ1Z4RUV856Y/E/r52q4NLNKE9SRTiefhSkDKoYjtOBHSoIVmygCcKC6l0h7iKBsNIZFnUI9uzJ86RxWrbPy/bdWalyncdRAPvgABwDG1yACqiCGqgDDB7BM3gFb8aT8WK8Gx/T1gUjn9kDf2B8/gBmxJuN</latexit>

Hij = hgi|K + V |gji

<latexit sha1_base64="m627WhD8cWxq38Wh402xP45hpN0=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVAlCwIJUwdKxSPQhNVHkuE7q1nEi20Gq0n4DC7/CwgBCrExs/A1umgFajnSl43Pule89fsKoVJb1bSwtr6yurZc2yptb2zu75t5+S8apwKSJYxaLjo8kYZSTpqKKkU4iCIp8Rtr+8Hbqtx+IkDTm92qUEDdCIacBxUhpyTNP615GB5NrhyEeMgJDj8Jxy8twwiZwrJ8D6Ijc8syKVbVywEViF6QCCjQ888vpxTiNCFeYISm7tpUoN0NCUczIpOykkiQID1FIuppyFBHpZvlJE3islR4MYqGLK5irvycyFEk5inzdGSHVl/PeVPzP66YquHIzypNUEY5nHwUpgyqG03xgjwqCFRtpgrCgeleI+0ggrHSKZR2CPX/yImmdVe2Lqn13XqndFHGUwCE4AifABpegBuqgAZoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP7hhnYE=</latexit>

Hij = hgi|Vcpl|gji
(single-surface)

(multi-surface)

*LHA and BAT 
approximations to 
potential surface

ntraj

nt
ra

j

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>
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<latexit sha1_base64="nMLzmeNYx5MTdZVdsD9madttsBI=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEhlKUmFgLGCpWOR6ENqQuW4TmrqOJHtIFVpP4OFX2FhACHWbvwNbpoBWo5k6eicc3V9jxczKpVlfRsrq2vrG5uFreL2zu7evnlw2JJRIjBp4ohFouMhSRjlpKmoYqQTC4JCj5G2N7yd+e0nIiSN+L0axcQNUcCpTzFSWuqZ5w5DPGAEBj0KH9Jy9Wwyhs4AqbQ+gWOtPuaqI7JczyxZFSsDXCZ2TkogR6NnTp1+hJOQcIUZkrJrW7FyUyQUxYxMik4iSYzwEAWkqylHIZFumh02gada6UM/EvpxBTP190SKQilHoaeTIVIDuejNxP+8bqL8azelPE4U4Xi+yE8YVBGctQT7VBCs2EgThAXVf4V4gATCSndZ1CXYiycvk1a1Yl9W7LuLUu0mr6MAjsEJKAMbXIEaqIMGaAIMnsEreAcfxovxZnwaX/PoipHPHIE/MKY/d/uezQ==</latexit>
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<latexit sha1_base64="QywZPdy7ENIzVJeDLkSeKWiaGPw=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEhlKQkgYKxg6Vgk+pCaEDmu05o6TmQ7SFXaz2DhV1gYQIi1G3+Dm2aAliNZOjrnXF3f48eMSmVZ38bS8srq2npho7i5tb2za+7tN2WUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlD26nfuuJCEkjfq+GMXFD1OM0oBgpLXnmqcMQ7zECex6FD2n5/GQ8gk4fqbQ2hiOtPuaqI7KcZ5asipUBLhI7JyWQo+6ZE6cb4SQkXGGGpOzYVqzcFAlFMSPjopNIEiM8QD3S0ZSjkEg3zQ4bw2OtdGEQCf24gpn6eyJFoZTD0NfJEKm+nPem4n9eJ1HBtZtSHieKcDxbFCQMqghOW4JdKghWbKgJwoLqv0LcRwJhpbss6hLs+ZMXSfOsYl9W7LuLUvUmr6MADsERKAMbXIEqqIE6aAAMnsEreAcfxovxZnwaX7PokpHPHIA/MCY/eyuezw==</latexit>
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i

<latexit sha1_base64="6ltRG4Zx7Az90tHPvnzc2wxk9SI=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJql5JUCBgrWDoWiT6kplSO66SmjhPZDlKV5jNY+BUWBhBi7cbf4KYdoOVIlo7OOVfX97gRo1JZ1reRW1vf2NzKbxd2dvf2D8zDo5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dHtzG8/ESFpyO/VOCK9APmcehQjpaW+ee4wxH1GoN+n8CEp2eV0Ap0hUkk9hROtPs7Uajl1RJbrm0WrYmWAq8RekCJYoNE3p84gxHFAuMIMSdm1rUj1EiQUxYykBSeWJEJ4hHzS1ZSjgMhekh2WwjOtDKAXCv24gpn6eyJBgZTjwNXJAKmhXPZm4n9eN1bedS+hPIoV4Xi+yIsZVCGctQQHVBCs2FgThAXVf4V4iATCSndZ0CXYyyevkla1Yl9W7LuLYu1mUUcenIBTUAI2uAI1UAcN0AQYPINX8A4+jBfjzfg0vubRnLGYOQZ/YEx/AHZYnsw=</latexit>
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<latexit sha1_base64="nvRiKyCzXcfvVthMuOf0iGyEY5U=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJql5JUCBgrWDoWiT6kplSO66SmjhPZDlKV5jNY+BUWBhBi7cbf4KYdoOVIlo7OOVfX97gRo1JZ1reRW1vf2NzKbxd2dvf2D8zDo5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dHtzG8/ESFpyO/VOCK9APmcehQjpaW+ee4wxH1GoN+n8CEpVcvpBDpDpJJ6CidafZypdjl1RJbrm0WrYmWAq8RekCJYoNE3p84gxHFAuMIMSdm1rUj1EiQUxYykBSeWJEJ4hHzS1ZSjgMhekh2WwjOtDKAXCv24gpn6eyJBgZTjwNXJAKmhXPZm4n9eN1bedS+hPIoV4Xi+yIsZVCGctQQHVBCs2FgThAXVf4V4iATCSndZ0CXYyyevkla1Yl9W7LuLYu1mUUcenIBTUAI2uAI1UAcN0AQYPINX8A4+jBfjzfg0vubRnLGYOQZ/YEx/AHZunsw=</latexit>
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i

Hamiltonian Matrix

1. Computing Basis Coefficients

Compute Hamiltonian Matrix Elements

Solve Eigenvalue Problem HZ=SZ𝜀

Update Basis Coefficients from Eigenvalues/
vectors

Compute Overlap Matrix Elements

src/dyn/qtag/qtag.cpp
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<latexit sha1_base64="nJmEYWi5NngOt5IHYHrc7RQXk0k=">AAACCXicbVC7TsMwFHV4lvIqMLJYVEhMVYIQsCBVsDAWQR9SG0WOe5O6dZzIdpCq0JWFX2FhACFW/oCNv8FNO0DLke7V0Tn3yr7HTzhT2ra/rYXFpeWV1cJacX1jc2u7tLPbUHEqKdRpzGPZ8okCzgTUNdMcWokEEvkcmv7gauw370EqFos7PUzAjUgoWMAo0UbySvjWy1h/dNHhRIQccOgx/GB6H3dkrnilsl2xc+B54kxJGU1R80pfnW5M0wiEppwo1XbsRLsZkZpRDqNiJ1WQEDogIbQNFSQC5Wb5JSN8aJQuDmJpSmicq783MhIpNYx8MxkR3VOz3lj8z2unOjh3MyaSVIOgk4eClGMd43EsuMskUM2HhhAqmfkrpj0iCdUmvKIJwZk9eZ40jivOacW5OSlXL6dxFNA+OkBHyEFnqIquUQ3VEUWP6Bm9ojfryXqx3q2PyeiCNd3ZQ39gff4ApP+Zqg==</latexit>

Sij = hgi|gji

<latexit sha1_base64="zFtaih49GP3T+Ib8pluBSw2EKQM=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUBIRdSMU3RTcVLAPaEKYTCfptJNJmJkIJe0nuPFX3LhQxK1Ld/6N0zYLbT1w4cw59zL3Hj9hVCrL+jYWFpeWV1YLa8X1jc2tbXNntyHjVGBSxzGLRctHkjDKSV1RxUgrEQRFPiNNv38z9psPREga83s1SIgboZDTgGKktOSZR1Uvo73RlcMQDxmBoUfh8BaewAYc6kcPOmJieGbJKlsTwHli56QEctQ888vpxDiNCFeYISnbtpUoN0NCUczIqOikkiQI91FI2ppyFBHpZpODRvBQKx0YxEIXV3Ci/p7IUCTlIPJ1Z4RUV856Y/E/r52q4NLNKE9SRTiefhSkDKoYjtOBHSoIVmygCcKC6l0h7iKBsNIZFnUI9uzJ86RxWrbPy/bdWalyncdRAPvgABwDG1yACqiCGqgDDB7BM3gFb8aT8WK8Gx/T1gUjn9kDf2B8/gBmxJuN</latexit>

Hij = hgi|K + V |gji

<latexit sha1_base64="m627WhD8cWxq38Wh402xP45hpN0=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVAlCwIJUwdKxSPQhNVHkuE7q1nEi20Gq0n4DC7/CwgBCrExs/A1umgFajnSl43Pule89fsKoVJb1bSwtr6yurZc2yptb2zu75t5+S8apwKSJYxaLjo8kYZSTpqKKkU4iCIp8Rtr+8Hbqtx+IkDTm92qUEDdCIacBxUhpyTNP615GB5NrhyEeMgJDj8Jxy8twwiZwrJ8D6Ijc8syKVbVywEViF6QCCjQ888vpxTiNCFeYISm7tpUoN0NCUczIpOykkiQID1FIuppyFBHpZvlJE3islR4MYqGLK5irvycyFEk5inzdGSHVl/PeVPzP66YquHIzypNUEY5nHwUpgyqG03xgjwqCFRtpgrCgeleI+0ggrHSKZR2CPX/yImmdVe2Lqn13XqndFHGUwCE4AifABpegBuqgAZoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP7hhnYE=</latexit>

Hij = hgi|Vcpl|gji
(single-surface)

(multi-surface)

*LHA and BAT 
approximations to 
potential surface

ntraj

nt
ra

j

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="ZwOBCByYt3YwMAOf9zh3COtkam8=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEjtUpKCgLGCpWOR6ENqSuS4TmvqOJHtIFVpPoOFX2FhACHWbvwNTtsBWo5k6eicc3V9jxcxKpVlfRsrq2vrG5u5rfz2zu7evnlw2JRhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN7zN/NYTEZKG/F6NItINUJ9Tn2KktOSaZw5DvM8I7LsUPiTFSikdQ2eAVFJL4Virj5l6XkodMc25ZsEqW1PAZWLPSQHMUXfNidMLcRwQrjBDUnZsK1LdBAlFMSNp3okliRAeoj7paMpRQGQ3mR6WwlOt9KAfCv24glP190SCAilHgaeTAVIDuehl4n9eJ1b+dTehPIoV4Xi2yI8ZVCHMWoI9KghWbKQJwoLqv0I8QAJhpbvM6xLsxZOXSbNSti/L9t1FoXozryMHjsEJKAIbXIEqqIE6aAAMnsEreAcfxovxZnwaX7PoijGfOQJ/YEx+AHmIns4=</latexit>

hg
(2
)

i

|Ĥ
|g
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)

j

i

<latexit sha1_base64="w89hgpgP3/SFlZ92CT5tT4x+t48=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEjtUpKCgLGCpWOR6ENqSuS4TmvqOJHtIFVpPoOFX2FhACHWbvwNTtsBWo5k6eicc3V9jxcxKpVlfRsrq2vrG5u5rfz2zu7evnlw2JRhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN7zN/NYTEZKG/F6NItINUJ9Tn2KktOSaZw5DvM8I7LsUPiTF81I6hs4AqaSWwrFWHzO1UkodMc25ZsEqW1PAZWLPSQHMUXfNidMLcRwQrjBDUnZsK1LdBAlFMSNp3okliRAeoj7paMpRQGQ3mR6WwlOt9KAfCv24glP190SCAilHgaeTAVIDuehl4n9eJ1b+dTehPIoV4Xi2yI8ZVCHMWoI9KghWbKQJwoLqv0I8QAJhpbvM6xLsxZOXSbNSti/L9t1FoXozryMHjsEJKAIbXIEqqIE6aAAMnsEreAcfxovxZnwaX7PoijGfOQJ/YEx+AHmens4=</latexit>

hg
(3
)

i

|Ĥ
|g
(2
)

j

i

<latexit sha1_base64="cX71C3k6GkgUH1bC2LKH5wgP2/w=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS0kQAsYKlo5Fog+pCZHjOqmp40S2g1Sl/QwWfoWFAYRYu/E3uGkGaDmSpaNzztX1PV7MqFSm+W0UVlbX1jeKm6Wt7Z3dvfL+QVtGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63vB25neeiJA04vdqFBMnRAGnPsVIacktn9kM8YARGLgUPqRV63QyhvYAqbQxgWOtPuaqLbKcW66YNTMDXCZWTiogR9MtT+1+hJOQcIUZkrJnmbFyUiQUxYxMSnYiSYzwEAWkpylHIZFOmh02gSda6UM/EvpxBTP190SKQilHoaeTIVIDuejNxP+8XqL8ayelPE4U4Xi+yE8YVBGctQT7VBCs2EgThAXVf4V4gATCSndZ0iVYiycvk/Z5zbqsWXcXlfpNXkcRHIFjUAUWuAJ10ABN0AIYPINX8A4+jBfjzfg0vubRgpHPHII/MKY/dMueyw==</latexit>

hg
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)

i

|Ĥ
|g
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)

j

i

<latexit sha1_base64="nMLzmeNYx5MTdZVdsD9madttsBI=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEhlKUmFgLGCpWOR6ENqQuW4TmrqOJHtIFVpP4OFX2FhACHWbvwNbpoBWo5k6eicc3V9jxczKpVlfRsrq2vrG5uFreL2zu7evnlw2JJRIjBp4ohFouMhSRjlpKmoYqQTC4JCj5G2N7yd+e0nIiSN+L0axcQNUcCpTzFSWuqZ5w5DPGAEBj0KH9Jy9Wwyhs4AqbQ+gWOtPuaqI7JczyxZFSsDXCZ2TkogR6NnTp1+hJOQcIUZkrJrW7FyUyQUxYxMik4iSYzwEAWkqylHIZFumh02gada6UM/EvpxBTP190SKQilHoaeTIVIDuejNxP+8bqL8azelPE4U4Xi+yE8YVBGctQT7VBCs2EgThAXVf4V4gATCSndZ1CXYiycvk1a1Yl9W7LuLUu0mr6MAjsEJKAMbXIEaqIMGaAIMnsEreAcfxovxZnwaX/PoipHPHIE/MKY/d/uezQ==</latexit>
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)

i
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)
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i

<latexit sha1_base64="QywZPdy7ENIzVJeDLkSeKWiaGPw=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEhlKQkgYKxg6Vgk+pCaEDmu05o6TmQ7SFXaz2DhV1gYQIi1G3+Dm2aAliNZOjrnXF3f48eMSmVZ38bS8srq2npho7i5tb2za+7tN2WUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlD26nfuuJCEkjfq+GMXFD1OM0oBgpLXnmqcMQ7zECex6FD2n5/GQ8gk4fqbQ2hiOtPuaqI7KcZ5asipUBLhI7JyWQo+6ZE6cb4SQkXGGGpOzYVqzcFAlFMSPjopNIEiM8QD3S0ZSjkEg3zQ4bw2OtdGEQCf24gpn6eyJFoZTD0NfJEKm+nPem4n9eJ1HBtZtSHieKcDxbFCQMqghOW4JdKghWbKgJwoLqv0LcRwJhpbss6hLs+ZMXSfOsYl9W7LuLUvUmr6MADsERKAMbXIEqqIE6aAAMnsEreAcfxovxZnwaX7PokpHPHIA/MCY/eyuezw==</latexit>
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i

<latexit sha1_base64="6ltRG4Zx7Az90tHPvnzc2wxk9SI=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJql5JUCBgrWDoWiT6kplSO66SmjhPZDlKV5jNY+BUWBhBi7cbf4KYdoOVIlo7OOVfX97gRo1JZ1reRW1vf2NzKbxd2dvf2D8zDo5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dHtzG8/ESFpyO/VOCK9APmcehQjpaW+ee4wxH1GoN+n8CEp2eV0Ap0hUkk9hROtPs7Uajl1RJbrm0WrYmWAq8RekCJYoNE3p84gxHFAuMIMSdm1rUj1EiQUxYykBSeWJEJ4hHzS1ZSjgMhekh2WwjOtDKAXCv24gpn6eyJBgZTjwNXJAKmhXPZm4n9eN1bedS+hPIoV4Xi+yIsZVCGctQQHVBCs2FgThAXVf4V4iATCSndZ0CXYyyevkla1Yl9W7LuLYu1mUUcenIBTUAI2uAI1UAcN0AQYPINX8A4+jBfjzfg0vubRnLGYOQZ/YEx/AHZYnsw=</latexit>
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i

<latexit sha1_base64="nvRiKyCzXcfvVthMuOf0iGyEY5U=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJql5JUCBgrWDoWiT6kplSO66SmjhPZDlKV5jNY+BUWBhBi7cbf4KYdoOVIlo7OOVfX97gRo1JZ1reRW1vf2NzKbxd2dvf2D8zDo5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dHtzG8/ESFpyO/VOCK9APmcehQjpaW+ee4wxH1GoN+n8CEpVcvpBDpDpJJ6CidafZypdjl1RJbrm0WrYmWAq8RekCJYoNE3p84gxHFAuMIMSdm1rUj1EiQUxYykBSeWJEJ4hHzS1ZSjgMhekh2WwjOtDKAXCv24gpn6eyJBgZTjwNXJAKmhXPZm4n9eN1bedS+hPIoV4Xi+yIsZVCGctQQHVBCs2FgThAXVf4V4iATCSndZ0CXYyyevkla1Yl9W7LuLYu1mUUcenIBTUAI2uAI1UAcN0AQYPINX8A4+jBfjzfg0vubRnLGYOQZ/YEx/AHZunsw=</latexit>
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Hamiltonian Matrix

1. Computing Basis Coefficients

Compute Hamiltonian Matrix Elements

Solve Eigenvalue Problem HZ=SZ𝜀

Update Basis Coefficients from Eigenvalues/
vectors

Compute Overlap Matrix Elements

<latexit sha1_base64="6YdR2Jc9BQP9Af8p8msDI3HJmRQ="></latexit>

c(0) = Z(0)exp(�i✏(0)�t)(Z(0))†b(0)

src/dyn/qtag/qtag.cpp
(projection onto initial wavepacket)
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Update Basis Parameters {p,a,s}

Update Positions

Compute Time Overlap Matrix Elements

Calculate Momentum from Wavefunction

2. Updating Trajectory Parameters
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Update Basis Parameters {p,a,s}

Update Positions

Compute Time Overlap Matrix Elements

Calculate Momentum from Wavefunction

2. Updating Trajectory Parameters

1. Quantum trajectories notorious for 
being unstable; how can we address 
this?


2. Trajectory momentum defined by 
wavefunction; how do we propagate 
unpopulated surface trajectories?

Questions:
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Update Basis Parameters {p,a,s}

Update Positions

Compute Time Overlap Matrix Elements

Calculate Momentum from Wavefunction

2. Updating Trajectory Parameters

1. Quantum trajectories notorious for 
being unstable; how can we address 
this?


2. Trajectory momentum defined by 
wavefunction; how do we propagate 
unpopulated surface trajectories?

Questions:

1. Many options, we choose fitting of 
trajectory momenta to stabilize.


2. Currently, ‘empty’ trajectories are 
synchronized to their populated 
counterparts

Solutions:
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Update Basis Parameters {p,a,s}

Update Positions

Compute Time Overlap Matrix Elements

Calculate Momentum from Wavefunction

2. Updating Trajectory Parameters

State 1

State 2

State 3
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Update Basis Parameters {p,a,s}

Update Positions

Compute Time Overlap Matrix Elements

Calculate Momentum from Wavefunction

2. Updating Trajectory Parameters ntraj

[ ] ndofq

[ ] ndof

qnew

Mom.

Calc

[ ] ndof

Synchronization 

of basis functions
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Update Basis Parameters {p,a,s}

Update Positions

Compute Time Overlap Matrix Elements

Calculate Momentum from Wavefunction

2. Updating Trajectory Parameters ntraj

[ ] ndofq

[ ] ndof

qnew

Mom.

Calc

[ ] ndof

<latexit sha1_base64="OYbh7uP7mFvjHJwRBLwaNPeGrTc=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUhDojom6EohuXFe0D2jpk0rRNm8kMyR2hjPMZbvwVNy4Ucdudf2P6WGjrgcC559zLzT1eKLgG2/62UguLS8sr6dXM2vrG5lZ2e6eig0hRVqaBCFTNI5oJLlkZOAhWCxUjvidY1etfj/zqI1OaB/IeBiFr+qQjeZtTAkZys8d3bsx7yWVDENkRDHdc/hDn4agFhwl+MmVvVBreUOMGN5uzC/YYeJ44U5JDU5Tc7LDRCmjkMwlUEK3rjh1CMyYKOBUsyTQizUJC+6TD6oZK4jPdjMeHJfjAKC3cDpR5EvBY/T0RE1/rge+ZTp9AV896I/E/rx5B+6IZcxlGwCSdLGpHAkOARynhFleMghgYQqji5q+YdokiFEyWGROCM3vyPKmcFJyzgnN7miteTeNIoz20j/LIQeeoiG5QCZURRc/oFb2jD+vFerM+ra9Ja8qazuyiP7CGP5K+n3k=</latexit>

Sij = hg(t+dt)
i |g(t)j i

<latexit sha1_base64="XFKlmPKsmBHw8lgk3DF/iz/s9QM=">AAACD3icbVDLSgMxFM3UV62vqks3waJUhDojom6EohvdVbAP6JSSSdM2NJMZkjtiGfoHbvwVNy4UcevWnX9jpp2Fth5IOJxz703u8ULBNdj2t5WZm19YXMou51ZW19Y38ptbNR1EirIqDUSgGh7RTHDJqsBBsEaoGPE9were4Crx6/dMaR7IOxiGrOWTnuRdTgkYqZ3fD9sxHHZgdOECezAD4ht/VHQl8QTBbqj5UXIdtPMFu2SPgWeJk5ICSlFp57/cTkAjn0mggmjddOwQWjFRwKlgo5wbaRYSOiA91jRUEp/pVjzeZ4T3jNLB3UCZIwGP1d8dMfG1HvqeqfQJ9PW0l4j/ec0IuuetmMswAibp5KFuJDAEOAkHd7hiFMTQEEIVN3/FtE8UoWAizJkQnOmVZ0ntuOSclpzbk0L5Mo0ji3bQLioiB52hMrpGFVRFFD2iZ/SK3qwn68V6tz4mpRkr7dlGf2B9/gD/cZye</latexit>

pt+dt = Im(r / )
<latexit sha1_base64="bpFWfDmNII+n3GXdDTqJrwCGRpQ=">AAACCHicbVC7SgNBFJ31GeMramnhYBCUYNxNoTZC0MYyglEhCcvd2UkcMju7zNwVwpLSxtq/sLFQxNZPsMvfOHkUvg5c7uGce5m5J0ikMOi6A2dqemZ2bj63kF9cWl5ZLaytX5k41YzXWSxjfROA4VIoXkeBkt8kmkMUSH4ddM+G/vUd10bE6hJ7CW9F0FGiLRiglfzCFvgZlkLsn4CP+yHuVmxvKggk0GTvIPILRbfsjkD/Em9CitXtZulxUO3V/MJnM4xZGnGFTIIxDc9NsJWBRsEk7+ebqeEJsC50eMNSBRE3rWx0SJ/uWCWk7VjbUkhH6veNDCJjelFgJyPAW/PbG4r/eY0U28etTKgkRa7Y+KF2KinGdJgKDYXmDGXPEmBa2L9SdgsaGNrs8jYE7/fJf8lVpewdlr0Lr1g9JWPkyCbZJrvEI0ekSs5JjdQJI/fkibyQV+fBeXbenPfx6JQz2dkgP+B8fAFGkZvV</latexit>

at+dt = at � dt(2atrp)/m

<latexit sha1_base64="Li1brAEp7a0MnYeE6zQTn9sTygA=">AAACBHicbVC7SgNBFJ31GeMraplmSBCEQNy1UBth0cYygnlANiyzk9lkyOwjM3eFZUlh4xf4DzYWitj6EXb5GyePQhMPDHM4517uvceLBVdgmmNjZXVtfWMzt5Xf3tnd2y8cHDZUlEjK6jQSkWx5RDHBQ1YHDoK1YslI4AnW9AY3E7/5wKTiUXgPacw6AemF3OeUgJbcQnHoZlDpwuhq6E5+B3jAFI5dOA3cQtmsmlPgZWLNSdkuOZXnsZ3W3MK3041oErAQqCBKtS0zhk5GJHAq2CjvJIrFhA5Ij7U1DYke1cmmR4zwsVa62I+kfiHgqfq7IyOBUmng6cqAQF8tehPxP6+dgH/ZyXgYJ8BCOhvkJwJDhCeJ4C6XjIJINSFUcr0rpn0iCQWdW16HYC2evEwaZ1XrvGrdWWX7Gs2QQ0VUQifIQhfIRreohuqIokf0gt7Qu/FkvBofxuesdMWY9xyhPzC+fgCaRpsL</latexit>

qt+dt = qt + dt⇥ pt/m

<latexit sha1_base64="uFuxVRL/i3t+GTzPVpkMavIrFho=">AAAB8XicbZC7SgNBFIbPxluMt6ilzWoQIkLYtVAbIWhjGcFcMFnC7OwkGTI7u8ycFcKSZ7CxsVDE1rfwEex8EHsnl0ITfxj4+P9zmHOOHwuu0XG+rMzC4tLySnY1t7a+sbmV396p6ShRlFVpJCLV8IlmgktWRY6CNWLFSOgLVvf7V6O8fs+U5pG8xUHMvJB0Je9wStBYd7qd4nGAwwunnS84JWcsex7cKRTK+8Xvj4fWUaWd/2wFEU1CJpEKonXTdWL0UqKQU8GGuVaiWUxon3RZ06AkIdNeOp54aB8aJ7A7kTJPoj12f3ekJNR6EPqmMiTY07PZyPwvaybYOfdSLuMEmaSTjzqJsDGyR+vbAVeMohgYIFRxM6tNe0QRiuZIOXMEd3bleaidlNzTknvjFsqXMFEW9uAAiuDCGZThGipQBQoSHuEZXixtPVmv1tukNGNNe3bhj6z3H53ik+M=</latexit>

st+dt = 0

<latexit sha1_base64="txVGHN+/kQsBgM6MCA4CRmF99Gg="></latexit>

 (x,N⌧) = (g(N�1))T
 

NY

n=2

K(n�1)
⌧ S(n�1,n�2)

!
K(0)

⌧ b(0)

In total…


