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How do we 
study electronic 

excitations?

In a quantum mechanical framework that describes 
interacting electrons and nuclei in the presence of a 
time-dependent external field.

• Wavefunctions-based methods (HF, CASSCF, CC, … )

• Green’s-function-based methods (GW, GFCC, … )

• Density-based methods (DFT, TD-DFT)

Compromise between the and 
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AN
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g

<latexit sha1_base64="7Fy/jjauFaVnw3g3NQdzspdCb5I=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRLx0WVBBJcV7APaGCbTaTt0MhNmbqQl5FfcuFDErT/izr9x2mahrQcuHM65l3vvCWPONLjut1VYW9/Y3Cpul3Z29/YP7MNyS8tEEdokkkvVCbGmnAnaBAacdmJFcRRy2g7HNzO//USVZlI8wDSmfoSHgg0YwWCkwC7fBukwe0x7QCeQyhiyLLArbtWdw1klXk4qKEcjsL96fUmSiAogHGvd9dwY/BQrYITTrNRLNI0xGeMh7RoqcES1n85vz5xTo/SdgVSmBDhz9fdEiiOtp1FoOiMMI73szcT/vG4Cg5qfMhEnQAVZLBok3AHpzIJw+kxRAnxqCCaKmVsdMsIKEzBxlUwI3vLLq6R1XvWuqpf3F5V6LY+jiI7RCTpDHrpGdXSHGqiJCJqgZ/SK3qzMerHerY9Fa8HKZ47QH1ifPyNklSQ=</latexit>
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<latexit sha1_base64="oVEqxpNtL+wSYpoQoi2ONs5Ba8c=">AAAB+3icbVDJSgNBEO2JW4xbjEcvg0HwFGbEJceACB4jmAWSMfR0apImPT1Dd40kDPMrXjwo4tUf8ebf2FkOmvig4PFeFVX1/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4mGpqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90M/VbT6A0j+QDTmLwQjqQPOCMopF6xdLtY9pFGGMKY8YxklnWK5adijODvUrcBSmTBeq94le3H7EkBIlMUK07rhOjl1KFnAnICt1EQ0zZiA6gY6ikIWgvnd2e2adG6dtBpExJtGfq74mUhlpPQt90hhSHetmbiv95nQSDqpdyGScIks0XBYmwMbKnQdh9roChmBhCmeLmVpsNqaIMTVwFE4K7/PIqaZ5X3KvK5f1FuVZdxJEnx+SEnBGXXJMauSN10iCMjMkzeSVvVma9WO/Wx7w1Zy1mjsgfWJ8/ABCVDQ==</latexit>
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<latexit sha1_base64="hmHQihn7uiBf9KcXtynlpyCAHao=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVP3osiOBJKrhtoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuJKs1i+WDGCQ0EHkgWMYKNlfybnvt41ytX3Ko7A1omXk4qkKPRK391+zFJBZWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LJRZUB9ns2Ak6sUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URLUgYzJJDZVkvihKOTIxmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdkQvMWXl0nzrOpdVi/uzyv1Wh5HEY7gGE7Bgyuowy00wAcCDJ7hFd4c6bw4787HvLXg5DOH8AfO5w8NT44s</latexit>
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<latexit sha1_base64="6qaUjArRua2c+Es5NfH+4w29RbQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVP3osiOBJKrhtoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuJKs1i+WDGCQ0EHkgWMYKNlfybnvd41ytX3Ko7A1omXk4qkKPRK391+zFJBZWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LJRZUB9ns2Ak6sUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URLUgYzJJDZVkvihKOTIxmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdkQvMWXl0nzrOpdVi/uzyv1Wh5HEY7gGE7Bgyuowy00wAcCDJ7hFd4c6bw4787HvLXg5DOH8AfO5w8O1Y4t</latexit>
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<latexit sha1_base64="OTWxwJSplKCIttdG5pTPXHwBvaI=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgxbArPnIMiOBJIpiHJGuYncwmQ2Zml5lZISz5Ci8eFPHq53jzb5wke9DEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLya+M0nqjSL5L0ZxdQXuC9ZyAg2Vnq47rqP6e2JN+4WS27ZnQItEi8jJchQ6xa/Or2IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10evAYHVmlh8JI2ZIGTdXfEykWWo9EYDsFNgM9703E/7x2YsKKnzIZJ4ZKMlsUJhyZCE2+Rz2mKDF8ZAkmitlbERlghYmxGRVsCN78y4ukcVr2Lsrnd2elaiWLIw8HcAjH4MElVOEGalAHAgKe4RXeHOW8OO/Ox6w152Qz+/AHzucPr6qPqg==</latexit>

EN�1
0

Koopman’s theorem
<latexit sha1_base64="9af1mFrbXaPTQJ6AYEVAVhu3hUU="></latexit>

Efund
g ⇡ ✏LUHF � ✏HO

HF = Eorb(HF)
g
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<latexit sha1_base64="rEV5fDBF7zAqTj2GRKcc4iVJVVg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi14konlAsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWl5ZXcuvFzY2t7Z3irt7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8NKMY/ZD2Je9xRo2VHm47d51iyS27U5BF4mWkBBmqneJXuxuxJERpmKBatzw3Nn5KleFM4LjQTjTGlA1pH1uWShqi9tPpqWNyZJUu6UXKljRkqv6eSGmo9SgMbGdIzUDPexPxP6+VmN6ln3IZJwYlmy3qJYKYiEz+Jl2ukBkxsoQyxe2thA2ooszYdAo2BG/+5UVSPyl75+Wz+9NS5SqLIw8HcAjH4MEFVOAGqlADBn14hld4c4Tz4rw7H7PWnJPN7MMfOJ8/8zuNmA==</latexit>
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<latexit sha1_base64="7Fy/jjauFaVnw3g3NQdzspdCb5I=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRLx0WVBBJcV7APaGCbTaTt0MhNmbqQl5FfcuFDErT/izr9x2mahrQcuHM65l3vvCWPONLjut1VYW9/Y3Cpul3Z29/YP7MNyS8tEEdokkkvVCbGmnAnaBAacdmJFcRRy2g7HNzO//USVZlI8wDSmfoSHgg0YwWCkwC7fBukwe0x7QCeQyhiyLLArbtWdw1klXk4qKEcjsL96fUmSiAogHGvd9dwY/BQrYITTrNRLNI0xGeMh7RoqcES1n85vz5xTo/SdgVSmBDhz9fdEiiOtp1FoOiMMI73szcT/vG4Cg5qfMhEnQAVZLBok3AHpzIJw+kxRAnxqCCaKmVsdMsIKEzBxlUwI3vLLq6R1XvWuqpf3F5V6LY+jiI7RCTpDHrpGdXSHGqiJCJqgZ/SK3qzMerHerY9Fa8HKZ47QH1ifPyNklSQ=</latexit>
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<latexit sha1_base64="hmHQihn7uiBf9KcXtynlpyCAHao=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVP3osiOBJKrhtoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuJKs1i+WDGCQ0EHkgWMYKNlfybnvt41ytX3Ko7A1omXk4qkKPRK391+zFJBZWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LJRZUB9ns2Ak6sUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URLUgYzJJDZVkvihKOTIxmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdkQvMWXl0nzrOpdVi/uzyv1Wh5HEY7gGE7Bgyuowy00wAcCDJ7hFd4c6bw4787HvLXg5DOH8AfO5w8NT44s</latexit>
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<latexit sha1_base64="6qaUjArRua2c+Es5NfH+4w29RbQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVP3osiOBJKrhtoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuJKs1i+WDGCQ0EHkgWMYKNlfybnvd41ytX3Ko7A1omXk4qkKPRK391+zFJBZWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LJRZUB9ns2Ak6sUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URLUgYzJJDZVkvihKOTIxmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdkQvMWXl0nzrOpdVi/uzyv1Wh5HEY7gGE7Bgyuowy00wAcCDJ7hFd4c6bw4787HvLXg5DOH8AfO5w8O1Y4t</latexit>
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<latexit sha1_base64="OTWxwJSplKCIttdG5pTPXHwBvaI=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgxbArPnIMiOBJIpiHJGuYncwmQ2Zml5lZISz5Ci8eFPHq53jzb5wke9DEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLya+M0nqjSL5L0ZxdQXuC9ZyAg2Vnq47rqP6e2JN+4WS27ZnQItEi8jJchQ6xa/Or2IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10evAYHVmlh8JI2ZIGTdXfEykWWo9EYDsFNgM9703E/7x2YsKKnzIZJ4ZKMlsUJhyZCE2+Rz2mKDF8ZAkmitlbERlghYmxGRVsCN78y4ukcVr2Lsrnd2elaiWLIw8HcAjH4MElVOEGalAHAgKe4RXeHOW8OO/Ox6w152Qz+/AHzucPr6qPqg==</latexit>

EN�1
0

<latexit sha1_base64="/erRshxM71L/L8hmvfCka3sbipQ="></latexit>

Eopt
g = ✏LUKS � ✏HO

KS +�og = Eorb(KS)
g +�og

<latexit sha1_base64="LFaDm5JZgWgIiml6C5SSFpRPUu0="></latexit>

Efund
g = ✏LUKS � ✏HO

KS +� = Eorb(KS)
g +� Perdew, Parr, Levy, Balduz

PRL 49, 1691 (1982) 

Levy
PRA 52, R4313 (1995)

Kraisler, Hodgson, Gross
JCTC 17, 1390 (2021)
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npj Computational Materials 6, 96 (2020)
F. Bruneval DFT tutorial, Lyon december 2012

after van Schilfgaarde et al PRL 96 226402 (2008)

Standard DFT has unfortunately some shortcomings

Band gap problem!

band gap

Adapted from PRL 96 226402 (2008)



How to 
improve 

within DFT?

§ Include effects of the derivative discontinuity

8

~c iðrÞ # c iðrÞ; i ¼ 1; 2; 3; . . . : (18)

To second order (!2) in Eq. (12) (see the Supplemental
Material [40]), the second-order correction to the orbital
energy is

"ð2Þi ¼ hc ð0Þ
i j H0ð0Þ j c ð1Þ

i iþ hc ð0Þ
i j H0ð1Þ j c ð0Þ

i i

¼
X

j!i

jhc j j H0
!¼0 j c iij2

"iðNÞ & "jðNÞ þ hc i j H0ð1Þ j c ii; (19)

where

H0ð1Þ ¼ @H0
!

@!

!!!!!!!!!¼0

¼
Z "

e2

jr& r0jþ
#vxcð½~$!(; rÞ

#~$!ðr0Þ

#
@~$!ðr0Þ
@!

!!!!!!!!!¼0
dr0

¼
Z "

e2

jr& r0jþ fxcð½$þ $L(; r; r0Þ
#

)
"
2
XNþ1

i¼1

<½c *
i ðr0Þc ð1Þ

i ðr0Þ(
#
dr0: (20)

Here, fxcð½$(; r; r0Þ + #vxcð½$(; rÞ=#$ðr0Þ is the XC ker-
nel, the asterisk denotes a complex conjugate, and <½, , ,(
denotes the real part of ½, , ,(. From Eq. (19), we have

"ð2ÞNþ1 ¼
X

j!Nþ1

jhc j j H0
!¼0 j c Nþ1ij2

"Nþ1ðNÞ & "jðNÞ

þ hc Nþ1 j H0ð1Þ j c Nþ1i: (21)

Correspondingly, "Nþ1ðN þ 1Þ ¼ "!¼1
Nþ1ðN þ 1Þ # "ð0ÞNþ1þ

"ð1ÞNþ1 þ "ð2ÞNþ1. This gives !xc¼"Nþ1ðNþ1Þ&"Nþ1ðNÞ#
"ð1ÞNþ1þ"ð2ÞNþ1 and Eg¼!KSþ!xc#!KSþð"ð1ÞNþ1þ"ð2ÞNþ1Þ.

Extending the process further, the HOMO energy of the
(N þ 1)-electron system can be obtained by summing up
all the perturbation corrections to infinite order, i.e.,

"Nþ1ðNþ1Þ¼"!¼1
Nþ1ðNþ1Þ¼P1

n¼0"
ðnÞ
Nþ1. Therefore, we

can, in principle, obtain the exact !xc¼"Nþ1ðNþ1Þ&
"Nþ1ðNÞ¼P1

n¼1"
ðnÞ
Nþ1 and the exact Eg¼!KSþ!xc¼

!KSþ
P1

n¼1"
ðnÞ
Nþ1.

For any finite-order truncation of the above perturbation
series, if two or more unperturbed states share the same
energy, degenerate perturbation theory may be needed
[36]. Since the concept of the perturbation to the unper-
turbed Hamiltonian HKS remains valid, this scheme could
be extended to estimate the !xc (and hence the Eg) for the
degenerate cases based on the corresponding degenerate
perturbation theory.

As mentioned previously, the DD needs to be summed to
the KS gap to give the fundamental gap. While the DD
given by Eq. (4) should be the same as that given by Eq. (6)
for the exact functional, this property may no longer hold
true for an approximate functional. For example, for a LDA
or a generalized gradient approximation, while the DD

given by Eq. (4) is shown to vanish [13,21,30], we empha-
size that the DD can be favorably restored by Eq. (6) and
subsequently approximated by Eq. (17). Although a more
accurate approximation for the DD could be pursued by
higher-order perturbation theory, we adopt the DD given
by Eq. (17) (i.e., first-order correction) for simplicity.
Accordingly, the fundamental gap is predicted by summing
Eqs. (2) and (17) in our !KS þ!xc scheme.
Here, we examine the performance of various schemes

in the prediction of the fundamental gaps for the FG115
database [20], which consists of 115 accurate reference
values for the fundamental gaps of 18 atoms and 97
molecules at their experimental geometries. The funda-
mental gaps are calculated by our !KS þ !xc scheme, the
!KS scheme [by Eq. (2)], and the Eg scheme [by Eq. (5)],
using the LDA [41] and LB94 [42] functionals and the
6-311++G(3df,3pd) basis set, with a development version
of Q-CHEM3.2 [43]. The error for each entry is defined as
(error ¼ theoretical value& reference value). The nota-
tion used for characterizing statistical errors is as follows:
mean signed errors (MSEs), mean absolute errors (MAEs),
and root-mean-square (rms) errors. Note that, for the !KS

or !KS þ !xc schemes, only one KS calculation for the
N-electron system is required (i.e., applicable to solids),
while, for the Eg scheme, which is the !KS þ !xc scheme
with !xc being exactly calculated by Eq. (6) (with no
further approximations), two KS calculations for the
N- and (N þ 1)-electron systems are required (i.e., inap-
plicable to solids).
The calculated gaps are plotted against the reference

values in Fig. 1 (for LDA) and Fig. 2 (for LB94). For
both functionals, as the !KS gaps are shown to be vanish-
ingly small (some of them are even negative) for the small-
gap (smaller than 10 eV) systems, the DDs are essential for
the accurate prediction of the fundamental gaps. In fact,
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FIG. 1 (color online). Calculated versus reference fundamental
gaps for the FG115 database [20]. The fundamental gaps are
calculated by three schemes (see the text for details) using the
LDA functional.
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However, that turns out to bias the functional unhelpfully. An alter-
native design choice is the plausible criterion to give the same weight
to both terms, by setting the value to � = 1�2. The parameter β
can be determined by recalling the exact DFT result that, for the
hydrogen atom, the exchange energy cancels the classical Coulomb
repulsion. That gives β = 0.017 983. All the other parameter values
are unchanged from NCAP. We designate this reparameterized
version as NCAPR. In the supplementary material, we show that the
effect of this parameter modification upon all the previously tested
thermochemical properties is very small so that the performance of
NCAPR is essentially the same as for NCAP on standard molecular
datasets in the calculation of energy differences and electronic densi-
ties. However, there are important differences in the shifts that need
to be applied in Eqs. (25) and (26) to determine through them the
hardness of molecules and the bandgap of solids so that the quality
of the results presented in Sec. III also provides support for � = 1�2.

It is important to note that with the value of � = 1�2, the shifted
eigenvalue of the ground state of the hydrogen atom is −0.42 instead
of −0.5, and the asymptotic potential is given by

vNCAP
X ([ρ]; r)���→

r→∞ 0.153 01 − 0.467 84�r. (28)

Since it is estimated that the values for any finite system in this
limit will be close to those of the hydrogen atom, one can see that
this reparameterized version will lead to a nearly correct asymp-
totic potential (NCAP) since it decays as −c�r, with a value of c
around 0.5.

It is worth reiterating a point that may have been obscured
through the detail of analysis, namely, that by use of Eqs. (25) and
(26), one may calculate the molecular hardness or the solid bandgap
with just one NCAPR calculation of the ground state of the neutral
reference system.

III. RESULTS AND DISCUSSION
To establish the comparative performance of NCAPR, we have

considered several XC energy functionals, PBE40 at the GGA level
of refinement, SCAN42 that belongs to the meta-GGA level, the
global hybrid PBE0,43,44 and the range separated hybrid HSE06,45,46

together with a test set of 83 molecules with positive (45) and nega-
tive (38) electron affinities, and a test set of 70 solids for which the
band gaps range from small to large values.

For molecules, the test set contains 36 species with positive A
values taken from Ref. 13 whose geometries were optimized with
B3LYP47–49/6-31G∗50,51 and 9 from Ref. 52 with geometries deter-
mined with B3LYP/6-31G(2df,p)53 calculations. The group of 38
species with negative A values is the same as the one used in Refs.
27 and 30, with the geometries obtained with B3LYP/6-311+G∗∗.54

Those geometries were used to determine the energies of the refer-
ence system and its corresponding cation and anion, with the aug-
cc-pVTZ basis set.55,56 The calculations were done with a modified
version of NWChem 6.5.57

In Table I, we present the mean absolute deviations (MAD)
in the 83 molecules test set for the ionization potential I, the elec-
tron affinity A, and the hardness obtained from energy differences
(that require three calculations, the reference system and its corre-
sponding cation and anion). We also present in Table I the values
obtained for those three quantities through the frontier eigenvalues

TABLE I. Mean absolute deviations from the experimental values of the ionization
potential (I), the electron affinity (A) and the hardness (Eg) for several XC energy
functionals for a test set of 83 molecules in eV.

Property PBE96 NCAPR SCAN PBE0 HSE06 NCAPRa

Energy differences (three calculations)

I 0.39 0.40 0.38 0.32 0.33
A 0.49 0.54 0.55 0.58 0.55
Eg 0.73 0.81 0.79 0.79 0.74

Frontier eigenvalues (one calculation)

I 3.65 3.62 3.37 2.34 2.73 0.58
A 2.86 2.83 2.52 1.79 2.16 0.64
Eg 6.51 6.45 5.89 4.12 4.90 0.91
aWith the frontier eigenvalues shifted according to Eqs. (25) and (26).

εH and εL of the N0 electron system calculated with the various
XC approximations, and finally, we also report the results obtained
for NCAPR incorporating the frontier eigenvalue shifts indicated in
Eqs. (25) and (26), with a single ordinary ground state calculation
for each system. One can see that, as anticipated in Eq. (10), the
unmodified frontier eigenvalue differences that corresponds to EKS

g
give a very poor description of I, A, and hardness for all the function-
als considered. It is noteworthy that even the hybrids perform only
slightly better than the rest. In marked contrast, the NCAPR shifted
values for I, A, and the hardness lie very close to the values calcu-
lated by total energy differences. In the supplementary material, we
report the results for each molecule of the test set, together with the
experimental values of I and A used to determine the MAD.

For solids, corresponding calculations were performed using a
modified version of the Vienna ab initio simulation package (VASP,
version 5.4.4),58–61 within the projector augmented wave formalism
(PAW).62 We used the pseudopotentials with the version 3.3.5 of
VASP (this is common practice, as meta-GGA PAW datasets are not
available in VASP). The geometries were extracted from the experi-
mental information in the Materials Project database. We calculated
all bandgaps as the difference of the conduction band minimum and
valence band maximum, with the NCAP eigenvalue of the HOMO
referred to the Fermi level reported in VASP. We used grids with
densities ranging from 500 to 4000 k-points per atom and 600 eV
cut-off energy. The KS bandgap values for SCAN, PBE0, and HSE06
XC functionals were taken from the supplementary material of
Ref. 63.

The test set for solids consists of 70 species divided in four
groups determined by species and bandgap magnitude.64 There are
15 semiconductors with small Eg , between 0 and 2.0 eV, 29 semi-
conductors with intermediate Eg , between 2.0 and 6.5 eV, 9 ionic
compounds with wide Eg , between 7.0 and 14.2 eV, 4 rare-gas crys-
tals insulators with large Eg , between 9.2 and 21.5 eV, and 9 layered
materials with Eg between 1.0 and 3.0 eV.

In Table II, we report the MAD for each of the groups and
the overall performance. Individual Eg values for each one of the
solids in the test set are presented in the supplementary material.
One can see that, at the GGA (PBE and the unshifted NCAPR eigen-
values) and meta-GGA levels of refinement, the overall tendency is
the well-known bandgap underestimation. Because of it, for the sys-
tems with small bandgaps, namely the group of semiconductors with
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TABLE II. Mean absolute deviations from the experimental values of the bandgap (Eg) for several XC energy functionals
for each group of solids in eV. The groups have increasing band gaps as one moves down and the number in parenthesis
indicates the number of solids in each group.

Group PBE96 NCAPR SCAN PBE0 HSE06 NCAPRa

Frontier eigenvalues – Conduction and valence bands (one calculation)

Small (15) 0.65 0.55 0.50 0.61 0.12 1.02
Layered (11) 0.75 0.70 0.48 0.70 0.23 1.14
Intermediate (29) 1.61 1.56 1.24 0.38 0.49 0.50
Ionic (11) 3.47 3.47 2.75 1.34 1.91 1.81
Insulators (4) 5.67 5.27 4.82 3.34 3.95 3.67
Total (70) 1.79 1.72 1.40 0.80 0.79 1.10
aWith the frontier eigenvalues shifted according to Eqs. (25) and (26).

this characteristic and the layered materials, one obtains relatively
low MAD values. However, they increase significantly as the exper-
imental bandgap grows. In the case of the global hybrid PBE0, one
obtains a poor description of the layered compounds and the small
bandgap semiconductors in comparison with HSE06, which leads to
a very good description of these systems; however, the results are
similar for all the other groups. Finally, applying the shift indicated
by Eqs. (25) and (26), one can see that in the case of the layered
systems and the small bandgap semiconductors, the NCAPR-based
procedure tends to overestimate the bandgap values. However, it
provides a very good description of the intermediate bandgap insu-
lators, and a reasonable one of the ionic species, with values that lie
between the PBE0 and HSE06 values. The MAD value for the insula-
tors also lies in between the hybrid functionals. From the perspective
of overall performance, we note that the direct eigenvalues from
GGA XC functionals lead to the worst description that is improved
slightly with the meta-GGA SCAN (which involves generalized KS
calculations). The best description corresponds to the hybrids. How-
ever, the shifted NCAPR eigenvalues get very close to those obtained
from the hybrids. This is an important result because solid system
calculations with a fraction of single-determinant exchange are com-
putationally much more demanding than those done with GGA XC
energy functionals.

A comparison with other test sets13,65,66 is presented in the
supplementary material, where one can see similar results to the ones
obtained in Table II.

Additionally, since all the calculations for solids were done at
the experimental geometry, we did a geometry optimization with
NCAPR in a subset of ten solids, which cover a wide range of
bandgap values, and found that the difference between the cal-
culation with the experimental geometries and the one with the
NCAPR geometries in the mean absolute error is rather small,
around 0.25 eV, as can be seen in the supplementary material.

IV. CONCLUDING REMARKS
The physical insights provided by the analysis of the behavior

of the energy as a function of the number of electrons, specifically
the characterization of the deviations from linearity with electron
number that arise with current XC functional approximations, allow
one to get a better understanding of the impact that those deviations
have on the frontier eigenvalues of molecules or solids, especially

when those eigenvalues are used to determine the hardness and the
bandgap.20,21 By exploitation of this viewpoint, a natural procedure
to correct the situation has been proposed that uses global scaling
corrections on approximate XC energy functionals to impose the
correct linear behavior.13

On the other hand, the perspective provided by the DD of the
XC potential and its consequent effects on the frontier eigenvalues
and in the calculation of Eg indicates that one can also proceed
through the incorporation of these effects in carefully designed,
constraint-based approximate XC energy functionals. This latter
approach is the one we have adopted in this work. We have pre-
sented a very modest revision of our NCAP GGA XC functional that
leads to an XC potential that in the asymptotic limit goes to a non-
zero constant. Since the DFT ionization potential theorem requires
that the potential should go to zero asymptotically, that non-zero
constant implies a potential shift. As we have shown, it is directly
related to the DD. In fact, we have demonstrated that, in an approx-
imate GGA, one needs to apply different shifts to the HOMO and
LUMO eigenvalue and that the sum of these two shifts leads to the
magnitude of the DD. The two shifts are determined through the
two roots of the quadratic equation that results when the asymp-
totic constant of the X potential is expressed in terms of the HOMO
eigenvalue of the NCAPR calculation.

Thus, we have established a procedure at the GGA level of
refinement that allows one to utilize a single calculation to obtain
the ionization potential, the electron affinity and the hardness of
molecules, and the bandgap of solids. The accuracy reached for
molecules is equivalent to that obtained for these properties through
energy differences, which require three calculations. For solids, the
accuracy achieved for the bandgap lies rather close to the accu-
racy obtained through hybrid XC energy functionals, which demand
great computational effort due to the presence of a fraction of single-
determinant exchange. It is important to mention that the accuracy
obtained in the present approach for bandgaps is also equivalent,
in general, to the one obtained with a meta-GGA that intro-
duces an approximate estimate of the DD through the generalized
Kohn–Sham formalism.64,66

The overall performance of NCAPR shows that indeed one can
obtain a rather good description of the hardness of molecules and
the bandgap of solids at the GGA level if one corrects the delocaliza-
tion error in the frontier eigenvalues by incorporating the derivative
discontinuity effects.
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Green’s 
Function

§ Historically older than Hohenberg-Kohn theorems

§ The Green’s function is a natural generalization of the density 
and the one-body density matrix:
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Green’s 
Function

§ The field operators in the Heisenberg picture are related to those in the 
Schrödinger picture

§ T orders the operators from left to right in decreasing time (earliest on 
the right) with a -1 factor for each permutation (fermions)

§ Let 1=(x1,t1), 2=(x2,t2), and t1>t2:
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�iĤt2

��� 
E



Green’s 
Function

12

<latexit sha1_base64="mdI1CAhKFfcFUYEIY9K8Adk5bus="></latexit>

 ̂†(x2)
��� (t2)

E represents a state with one electron added in x2 to 
the N-electron ground-state at time t2.

<latexit sha1_base64="tYQnzJ3qqbxRHyIM/mWhl1LXLgs=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahLlqS4qPLgpsuK9gHtDFMppN26GQSZm6EErvwV9y4UMStv+HOv3HaZqGtBy4czrmXe+/xY84U2Pa3sbK6tr6xmdvKb+/s7u2bB4ctFSWS0CaJeCQ7PlaUM0GbwIDTTiwpDn1O2/7oZuq3H6hULBJ3MI6pG+KBYAEjGLTkmcf0Pi2x3hBDWp8UwXNK4FXOJ55ZsMv2DNYycTJSQBkanvnV60ckCakAwrFSXceOwU2xBEY4neR7iaIxJiM8oF1NBQ6pctPZ/RPrTCt9K4ikLgHWTP09keJQqXHo684Qw1AtelPxP6+bQFB1UybiBKgg80VBwi2IrGkYVp9JSoCPNcFEMn2rRYZYYgI6srwOwVl8eZm0KmXnqnx5e1GoVbM4cugEnaIictA1qqE6aqAmIugRPaNX9GY8GS/Gu/Exb10xspkj9AfG5w+vcZU4</latexit>
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We can proceed similarly with the hole-related part and obtain:

The Fourier transform of 𝐺(1,2) leads to

where µ is the Fermi level (chemical potential), and 𝑓!, 𝜀! are 
the addition/removal Lehman amplitudes and energies 
depending on the sign of 𝜀! − 𝜇.

14

<latexit sha1_base64="gD27TjDIDBF4LNnGCyQG26GMt0Y="></latexit>

iG(1, 2) = ✓(t1 � t2)
X

n

fN+1
n (x1)f̄

N+1
n (x2)e

�i"N+1
n (t1�t2)

�✓(t2 � t1)
X

n

fN�1
n (x1)f̄

N�1
n (x2)e

�i"N�1
n (t2�t1)

<latexit sha1_base64="XV9j9BqSvT601dMEs2MWWMrO/Ls="></latexit>

G(x1, x2;!) =
X

n

fn(x1)f̄n(x2)

! � "n + i⌘ sgn("n � µ)



Green’s 
function
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The of the Green’s function are the addition/removal 
electronic energies of the 𝑁-electron system!

For non-interacting systems, Ψ is given by a single Slater 
determinant and the Lehman amplitudes and energies reduce 

to single orbitals:
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Equation of 
motion for the 

Green’s Function

§ The change of G with respect to one of its time arguments is
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� ĥ(1)

�
G(1, 2) + i

Z
d(3)v(1, 3)G2(1, 3

+; 2, 3++) = �(1, 2)

<latexit sha1_base64="VaIKUVZjeqYF00b/zvXpvYJxqEo="></latexit>
i
@

@t1
� ĥ(1)
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All Hartree and exchange-correlation effects can be described 
by an operator Σ



Equation of 
motion for the 

Green’s Function

§ The Fourier transform of the equation of motion for the 
Green’s function leads to

§ Introducing the Lehman representation of 𝐺, and solving 
term by term at 𝜔 = 𝜀! leads to the following eigenvalue 
equation:

17

<latexit sha1_base64="5iVYk3zdzVcLSXKbiQyhcYeKeb8="></latexit>h
! � ĥ(r1)
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approximation
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GW calculations 
in practice

§ The input Green’s functions is built from Kohn-Sham 
eigenstates and eigenvalues.

§ The screened Coulomb interaction is obtained using either
• The independent-particle polarizability

• The interacting polarizability (neglecting exchange-correlation kernel)
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GW calculations 
in practice

GW flavours

§ Perturbative GW, one-shot GW, G0W0
• One loop through Hedin’s pentagon
• Output: quasiparticle energies

§ evGW or eigenvalue-only (partially) self-consistent GW
• Several loops through Hedin’s pentagon
• Lehman amplitudes are kept frozen
• Output: quasiparticle energies

§ qsGW or quasiparticle (partially) self-consistent GW
• Several loops through Hedin’s pentagon
• Lehman amplitudes are updated using a Hermitian self-energy
• Output: quasiparticle energies and amplitudes

§ scGW or (fully) self-consistent GW
• Several loops through Heding’s pentagon
• Lehman amplitudes are updated using the non-Hermitian self-energy
• Output: quasiparticle energies and amplitudes
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GW calculations 
in practice

One-shot G0W0
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Convergence 
with basis set size

§ Convergence with respect to the number of occupied levels can be slow:

§ Chemical shifts converge rather fast (removal energies)
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Figure 3 shows the absolute metal-oxygen average bond distances as well as the absolute

G0W0@r2SCAN IPs. As expected, the G0W0 vertical IPs decrease with the number of explicit wa-

ter molecules in the system. It is evident that the [M(H2O)40]n+ systems already offer converged

results for both bond distances and IPs. It is important to note that no dynamical information is

contained in these results, but the fact that the results from [M(H2O)40]n+ and [M(H2O)60]n+ are

very close to each other suggests that changes in the outer solvation shells due to the dynamics of

the system do not affect the structure of the first two shells and, consequently, the simulated IPs

are likely to remain unaffected.
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Figure 4: G0W0@r2SCAN vertical IP errors, in eV, with respect to experiment. The potentials
were obtained with def2-TZVP/Sapporo-2012-TZP (TZ) or def2-QZVP/Sapporo-2012-QZP (QZ).
A complete basis set extrapolation based on the TZ and QZ results is also shown.

The convergence with respect to the basis set size was evaluated using the systems with 40

water molecules and r2SCAN, respectively. Figure 4 shows that the use of a quadruple-z basis

set combination leads to IPs about 0.30 eV larger than their triple-z counterparts for all TM aqua

ions except for Fe3+. A two-point complete basis set (CBS) extrapolation, using the Riemann z

function technique,44 adds another 0.27 eV to the IP value, on average. The CBS-extrapolated

G0W0@r2SCAN IPs underestimate the experimental ones by less than 0.50 eV, with the largest

discrepancy observed for Co2+. These results are comparable to the ones reported by Yepes and

co-workers.5 using the DSCF approach with global hybrid density functional approximations.

However, we note that the computational setup used by Yepes and co-workers may not be well
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Starting-point-
dependence

§ G0W0 has a strong starting-point dependence since G0 and 
W0 are built from Kohn-Sham inputs

§ Partially self-consistent schemes alleviate the issue but does 
not solve it

23

Front. Chem. 7, 00377 (2019)
JCTC 12, 2834 (2016)
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G0W0

The GW method gives approximate gaps
It misses binding effects
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Variational Fitting

CD-GW AFF-GW

MINRES ELPA

Parallel Computing 37, 783 (2011)

Figure 4. Scaling results from the most recent skylake-based supercomputer at MPCDF using
real double precision matrix of the size 20000. Compared is the performance of the two relevant
MKL 2019.5 routines and ELPA one and two stage. Where possible, also results for 10% and
50% of eigenvectors are shown. The MKL routines offer comparable or superior performance to
the ELPA one-stage algorithm for small and moderate number of cores, but do not scale for
larger core counts. ELPA scaling is generally much better in the investigated region. For the
very large core counts and thus very small local matrices, the speed-up with growing number
of cores is slowing down, but the performance is not deteriorating, which can be very beneficial
when coupled with a well scaling application. The ELPA two-stage solver clearly outperforms
all the other routines in this setup.

sequence of GSEPs A(k)X(k) = BX(k)Λ(k) with the same matrix B have to be
solved during a self consistent field (SCF) cycle, ELPA’s approach for the above
step ii) is to explicitly compute B−1 and then to do (triangular) matrix multi-
plications to obtain Ã. Alternative approaches use the inverse only implicitly; cf.
the routines PDSYNGST and TwoSidedTrsm in the ScaLAPACK [6] and ELEMEN-
TAL [7] libraries, resp.

With the inverse U−1 available explicitly (again upper triangular, denoted as
Û in the following), a computationally efficient way to implement the above step
ii), Ã = ÛHAÛ , is as follows [8].

ii.a) Compute the upper triangle Mu of M := AÛ .
ii.b) Transpose Mu to obtain the lower triangle Ml of MH = ÛHAH = ÛHA.
ii.c) Compute the lower triangle of Ã = MlÛ .
ii.d) If the whole matrix Ã is needed then reflect its lower triangle along the

diagonal.

During the ELPA-AEO project, new algorithms have been developed for the mul-
tiplications in steps ii.a) (Multiplication 1 : compute upper triangle of “hermi-
tian × upper triangular”) and ii.c) (Multiplication 2 : compute lower triangle of
“lower triangular × upper triangular”). Compared to these multiplications, the
transpositions in steps ii.b) and d) are inexpensive [9].

H.-J. Bungartz et al. / ELPA: A Parallel Solver for the Generalized Eigenvalue Problem652J. Chem. Theory Comput. 11, 1493 (2015)

Contour Deformation Analytical Full Frequency

SIAM J. Numer. Anal. 12, 617-629, (1975)
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⇠ O(N3)

JCTC 17, 7504 (2021)



GW
Implementation

Numerical 
stability

26

Valence Core
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Core + Valence

JCTC 17, 7504 (2021)
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N2 Ionization 
potential with GW

geometry

N 0.0 0.0 -0.545

N 0.0 0.0 0.545

symmetry c1

end

basis "ao basis" spherical

* library def2-qzvp

end

basis "cd basis" spherical bse

* library def2-universal-jkfit

end

dft; xc mgga_x_r2scan mgga_c_r2scan; end

task dft gw

29

This input directs NWChem to compute 
the N2 ionization potential using GW with 
default options:

• Analytical
• Newton solver
• Only HOMO

Explore the starting point dependence by 
using different exchange-correlation 
approximations

GW needs a fitting basis
• cd basis --> used during SCF and GW
• ri basis --> used only in GW



GW input block 
options

gw

[rpa] # Computes RPA energy

[first <integer ifirst, default 1>] # Start counting from orbital <ifirst>

[core] # Count from orbital <ifirst> upwards

[eta <float>] # Imaginary infinitesimal

[convergence <float thresh, default 0.005> [eV || hartree]]

[evgw <integer maxiter, default 4>] # Perform evGW partial self-consistent
# calculation

[evgw0 <integer maxiter, default 4>] # Perform evGW0 partial
# self-consistent calculation

[method [cdgw || analytic]] # Method to obtain Sigma = GW
# convolution

[solver [newton || graph]] # Quasiparticle equation solver

[states [alpha [occ <integer, default 1>] [vir <integer, default 0>]]

[states [beta [occ <integer, default 0>] [vir <integer, default 0>]]

end

30



N2 Ionization 
potential with GW

geometry

N 0.0 0.0 -0.545

N 0.0 0.0 0.545

symmetry c1

end

basis "ao basis" spherical

* library def2-qzvp

end

basis "cd basis" spherical bse

* library def2-universal-jkfit

end

dft; xc mgga_x_r2scan mgga_c_r2scan; end

task dft gw

31

Add a GW input block to request the 
calculation of 5 occupied quasiparticle 
energies and 5 virtual quasiparticle 
energies.

Modify the input to compute both 1s 
core-level binding energies only

Modify the input to perform an evGW0 
calculation with 5 iterations. Use the 
option –1 to compute all occupied and all 
virtual orbitals



Analytical vs 
CDGW
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geometry

C -1.2131 -0.6884 0.0000

C -1.2028 0.7064 0.0000

C -0.0103 -1.3948 0.0000

C 0.0104 1.3948 -0.0000

C 1.2028 -0.7063 0.0000

C 1.2131 0.6884 0.0000

H -2.1577 -1.2244 0.0000

H -2.1393 1.2564 0.0000

H -0.0184 -2.4809 -0.0000

H 0.0184 2.4808 0.0000

H 2.1394 -1.2563 0.0000

H 2.1577 1.2245 0.0000

symmetry c1

end

Use the PBE0 hybrid functional with the 
def2-tzvp basis set to compute the 
ionization potential of benzene with both 
the analytical and the CDGW methods
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Thank you
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