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Quantum Control of Matter at
the Level of Electrons
e.g. Nature 605, 251 (2022)
PRL 135, 186901 (2025)

Quantum Simulati
e.g. PRX Quantum 3, 040308 (2022)
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Protect quantum coherence :

and you will rule the control ‘and ' quantum’' Rer
world.  Coherence  is information. foll
essential for quantum imp

Quantum Coherence in Matter
e.g. PNAS 120, 2309987120 (2023)
J. Chem. Phys. 163 104109 (2025)

Quantun; Transport
e.g. Nature Comm. 14, 7646 (2023)
JACS 147, 20310 (2025)



In Nature, nothing exists alone ...




Open Quantum Dynamics

Protein

Vi

Intramolecular
vibrations

= g

Rotations

Environment changes the system’s dynamics,
iIntroduces dephasing and relaxation



What's the fuzz about quantum coherence

Coherence is the fuel behind ali
quantum technologies
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Needed for matter to exhibit
iInterference/controlled entanglement
Needed for quantum unitary dynamics

Enhanced temporal coherence leads to
enhanced laser spectroscopy




The Chemistry of Quantum Decoherence

How molecular electronic decoherence studies look like right now:
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Figure 1. Left-hand side: The pair of interacting chromophores. Right-
hand side: the effective light-harvesting two-level system formed from 100
the pair of interacting chromophores.'”*°

80F

The environment is fully characterized by the spectral density 60 ) )
J(®) = L.ge6(w — w,,), being a quasi-continuous function for 0 0.1 0.2 0.3 0.4
typical condensed-phase applications that determines all bath

correlations that are relevant for the system.”"”* For Ohmic Figure 3. Relaxation time y, ' (red line) and decoherence time y '

dissipation, J(w) = 2Kwe “<, where the dimensionless para- (continuous blue line) as functions of £/2A for fixed A = 35 cm™ ' and at
meter K describes the damping strength and wc is the cutoff T =77 K. The dashed blue line, y; = 271(ksT/h)A/hwc, denotes the
U dephasing rate used in refs 4, 7, and 10, and the dot—dashed blue line
denotes the decoherence time 7 = (h?/24ksT)"/? used in refs 3—S.

e-g- J- PhyS- Chem- Lett- 2, 2728 (201 1 ) leed parameters as in Table 1.

How | would like them to look like
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How does chemical  How does solvent polarity How does decoherence
substitution change  influence coherence loss? change along a
decoherence? homologous series?



Chemical Principles of =~ Foundations of Quantum Simulation

Quantum Decoherence = Decoherence
e.g. JCP 162, 064106 (2025).

JPCL 13, 11503 (2022);

90
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2 45 [os) * »»{*?:% At JCP 151, 014109 (2019);
T | ki 25:* o F JCP, 148, 134304 (2018);
S 30t S8 | JPCL9, 773 (2018)
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Cohsrenge oo PRX Quantum 3, 040308
Shianglement DRI (2022); JPC A 129, 15,
& 3587 (2025)

PNAS 120, 2309987120
(2023)

Quantum
System
Dynamics

Tensor Network
Strategies

Theory of Dissipation
Pé’thways Inifial Excitation

Charge & Energy
€™ Transfer

. JCP 154, 084103 (2021);

7 @ JCP 160, 214111 (2024); JCP 160, 204116 (2024);
JCP 160, 214112 (2024) JCP 163, 104109 (2025);
Reaction Cented PCL 16, 13093 (2025), JCP 164’ 024112 (2026)

JCP 164, 034105 (2026) arXiv:2603.17711 0000



https://arxiv.org/abs/2603.17711

Tree Tensor Network Decomposition of Open Quantum
Dynamics for Efficient Simulation of Next-Generation

Quantum Systems
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Chen and IF J. Chem. Phys. 160, 204116 (2024)
Chen and IF J. Chem. Phys. 163, 104109 (2025)
Chen and IF J. Chem. Phys. 164, 024112 (2026)
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Xinxian Chen
Michelle Anderson

Rodriguez, Anderson, Niu, Chen, IF JCTC arxiv:2603.17711  Juan Camilo Rodriguez



https://arxiv.org/abs/2603.17711
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[ Xu, VIV QBT Anke Bckburger Phiysied! Review Letters.129,2 0601 (26
Tama celli, A. Sml,-rne S F clg I'M. ,.?jgmo PhyslcaIRewew Letters 120, 030402 (2018)
N. Lambert S. Ahmed, M. Cirio, and F. Nor| Nature Communications 10, 3721 (2019).
G. Park, Z. Huang, Y. Zhu, C. Yang, G. K.-L. Chan, and L. Lin, Physical Review B 110, 195148 (2024).
Z. Huang, G. Park, G. K.-L. Chan, and L. Lin, arXiv:2506.10308

X.Zheng, J. Jin, S. Welack, M. Luo, and Y. Yan, The Journal of Chemical Physics 130, 164708 (2009).
J. Hu, R.-X. Xu, and Y. Yan, The Journal of Chemical Physics 133, 101106 (2010).
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J. Hu, M. Luo, F. Jiang, R -X Xu and Y Yan The Journal of Chemlcal Physics 134, 244106 (2011). @ @ ©® ©




The Hierarchical Equation of Motion (HEOM)

System agnostic

Admits driven systems

Numerically exact for harmonic environments
Admits non-commuting system-bath interactions
Goes beyond Lindblad/Redfield Markovian models

Memory hungry
Computational cost scales exponentially with size of
system and complexity of the environment

Ishizaki and Tanimura, JCP 125 084501 (2006)
Tanaka and Tanimura, JCP 132 214502 (2010)
Tanimura JCP 141 044114 (2014)

Ikeda and Scholes, JCP, 152, 204101 (2020)
Tanimura, JCP 153, 020901 (2020)

Yan, Xu, Li, and Shi, JCP 154, 194104 (2021)
Chen and Franco, JCP 160, 204116 (2024)



How does the HEOM fits in Quantum Dynamics

Explicit Environment

Non-Markovian
UBIAOMJBIN

Implicit Environment



Non-Markovian

How does the HEOM fits in Quantum Dynamics

Explicit Environment

I
Fully Quantum i Classical bath — no
_ _ I back action
Semiclassical
I
I
Harmonic-bath Always approximate
models

As cheap as O(N?) in
Spin-bath models system size
(less developed)

Expensive . .
Implicit Environment

UuelnOMJe\



Non-Markovian

How does the HEOM fits in Quantum Dynamics

Explicit Environment

MCTDH | Classical bath —no
| back action

Surface hopping |

[
ab initio multiple [
spawning I
HEOM Redfield and Lindblad
Hierarchy of pure TCL2 and other

states (HOPS)

perturbative methods

Quasi-adiabatic path
integral (QUAPI)
Implicit Environment

UuelnOMJe\



Harmonic Environments

Useful model of the environment: Collection of harmonic oscillators

Any environment can be mapped into an effective harmonic environment to
second order in perturbation theory

Dominant behavior in the thermodynamic limit

The reason why the displaced harmonic oscillator model is so successful in
spectroscopy

Hamiltonian

H = Hs + Hgp + Hp,

o0 Wj
Hg = ija;r-aj Hsp = (s ® XB
J=1 o0 : - Wo
XB = Z(gjaj + gja;)
j=1

Feynman and Vernon. Ann. Phys. 24 118-173 (1963)
Caldeira and Leggett. Ann. Phys. 149 374-456 (1983)
Suarez and Silbey, J Chem. Phys. 95, 9115 (1991)
Makri J. Phys. Chem. B 103, 2823-2829 (1999)



Dynamical Map for Harmonic Environments

Hamiltonian H = Hs + Hsp + Hp,

oo

Hp = ija;r.aj Hsp = Qs ® XB Xp = Z(gja; + gja;)
j=1 g=1

Initially separable state p(0) = ps(0) ® pp'

Exact dynamical map in interaction picture

ps(t) = TF(1.0)ps(0) = Texp (= fy dta @3 (t2) fy” da (12 — 11)@s(t1)]* ) 5 0)

Notation AXB = AB — BA"

Correlation Function C(t) = (Xs(t)XB(0))s.

Spectral Density C(t) =7 T(w)(1+npr(w,T))e”“dw.
J(w) = 1gi1°0(w —wj) (w>0)
J(w) =J(w)—J(—w) odd extension

Ishizaki and Fleming, J. Chem. Phys. 130, 234111 (2009)
Molinari, arXiv:1710.09248 (2017)
Isserlis, Biometrika 12, 134 (1918)




Spectral Density: characterizes system-bath interaction

Summarizes frequencies of the bath and interaction strength with
the system
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Drude-Lorentz:; solvent

Other decompositions are possible




J(w)=> Ja(w)

Reorganization energy

Oscillator frequency

Other decompositions are possible

(87
24,2
3 Q (wc2x o w2) + w Yo
: Js(@) width =
§ Brownian Oscillator: intramolecular
© Jut@) vibrations Reorganization energy
i : 2 A
W
: : : | J()(Cd) = —)\0 5 5
500 1000 1500 2000 T W _|_ A
w (cm™1)
Drude-Lorentz: solvent Cutoff frequency



Spectral Density Ct)= 7" T ()1 + npr(w,T))e”“!dw.

Decomposition the BCF into complex exponentials or features

* - _ t K
C*(t) = che% : C(t) = che%t
k=1 k—1




The HEOM way
Spectral Density C(t)= [T T(w)(1+npe(w,T))e " dw.
Decomposition the BCF into complex exponentials or features
_ Z(—:kevkt. C(t) = EK: Vit
— = £ Cr€
From residue theorem/Padé or Matsubara expansions

= _27”2 Res[7(2)) fo(BG)e et - 27”2 Res[fon(2)l7 T (&/B)e &P,
CompIeX|ty of the spectral density Low temperature corrections

{6 First order poles of J(w) In the lower half
{&/68} fer(fw) = (1 —e 7)™
complex plane (guarantees that C(¢) - 0 as t — c0)

Several available methods:

JCP 130, 164708 (2009) JCP 133, 101106 (2010)
JCP 151, 024110 (2019) JCP 152, 064107 (2020)
PRL 129, 230601 (2022) JCP 160, 204105 (2024)




Spectral Density

C(t)= [T T(w)(1+npe(w,T))e " dw.
Decomposition the BCF into complex exponentials or features

K
C*(t) = Z cre*t.
k=1

K
C(t) = Z crert
k=1

= Solvent: Drude—Lorentz model

C(t) (em=2)

o

J(w) (em™1)

x10*

—— Re.

— Im.

N . (=]
1 L 1

o
1

0 10 20 30
Time (fs)

» |ntramolecular vibrations: Brownian oscillators

J(w) (em™1)

100 200 300 400 500

x10%
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Time (fs)




K

C(t) = Z crert

k=1

K
BCF decomposition C*(t) =) epe™".
k=1

Common Cases
- leads to one decaying real exponential

2 Aww,
Drude-Lorentz J(w) = T w2 + w? with characteristic rate w. (one feature)
4 W
Brownian J(w) = =X\pwp Zb
T (w? —w?)” + dw?~;

- leads to two oscillatory decaying
exponentials (two features)

- Each leads to a decaying
exponentials (one feature per

correction)

Low temperature - Poles of thermal factor are
corrections purely imaginary




Decomposition the BCF into complex exponentials or features is exact
K

K
=D ae. C(t) =) cxe™
k=1

k=1

From residue theorem/Padé or Matsubara expansions

= —27r12 Res[J ()] /e (BG)e ™" - ‘-omiy Res [fBE(2)]T (&5/B8)e ™1/,
j J

Use this decomposition to decompose the dynamical map

Introduce auxiliary density matrix (ADM) to keep bath information

Pi = Pni,...,nk ng=20,1,2,...,N

N is the depth of the HEOM




0 . . _ .
oo pa(t) = —iHg + ) (myepn(t) —ink (eras — ekaS)pa—1, (H) = 165 pay 1, (1))
k

Curse of dimensionality: The hierarchy generate an infinite K-
dimensional grid

Tanimura and Kubo. J. Phys. Soc. Jpn. 58, 101-114 (1989)
Tanimura. J. Chem. Phys. 153, 020901 (2020)




X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)

Decomposition of the BCF into K features
K

=D at(t) O (t) = > enb(t) —¢k Z Vi Y (T
k=1

=1
Yr(0) =1

ps(t) = TF(t,0)ps(0) = Texp (= fy dt2Q3 (82) fy* dts [C(t2 — t1)Qs(t2)]*) ps(0)
Define Auxiliary Density Matrices (ADMs)

fknk (¢,0) a n = ey
(H Zk nk )"r(t? O)IOS(O) " (nl nK)
fr(t,0) = cx07 (t,0) — &0 (¢, 0) Or(s,0) = /o Qs (W) r(s — u)du

Z, 1S a non-zero c-number: metric




X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)

Put all the ADMs in a vector Q1)) = Z 07 (t)|1)

| | 1) = n1) @ -+ @ |ng)
Equations of motion

%m(t» — <—iHS>< (t) +2Dk>|ﬁ(t)> €(0)) = ps(0)|0) ® - -- @ 0)
k=1

. /\T N > — < /\—]_ /\T X A~ A
Dy = vy + E ’Ykk/z Oékakfzk’ (Cst — Ck:Qs )Zk oy — Qs A2k
k' £k

Gp|ng) = Vi + 1ng + 1) a|ng) = /nkng — 1) Be_)(_CltOn

raising/lowering
i = &l éy, operators
2, metric operator (needs to commute with n)
Varying BCF decomposition, metric, representation leads to various HEOM
variants o000



X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)

&m(t)) = (—iHS>< (t) + Zpk> (t))
k=1

Dy = vy + Z Vew 2 AL dn i 4 (kQF — @QS )2, Tl — QX sk
k' £k
Open Quantum Dynamics = Dynamics of the System + Bexcitons
(fictitious bosonic quasiparticles)

Depth of HEOM N = Number of bexcitonic levels 0000



%m(t» — (—ng () + Zpk) €2(2))
k=1

. —1 At A~ _ A—1 ~
Dy = ypnnn + Z Vik' 2y, Oé;i Qp 2+ (erQg — e Qg3)2, é)

k' #£k
Flexibility:
- Varying BCF decomposition
- Bexciton representation: position, momentum, number, etc

- Metric

1/2 Standard HEOM

number basis " 7, |Ck:

¥

Scaled HEOM

Bexcitonics

\position basis; 2z = izl

Collective bath coordinate

Q. Shi, et al., J. Chem. Phys. 130, 84105 (2009)
T. Ikeda and A. Nakayama, J. Chem. Phys. 156, 104104 (2022)

— Q4 G2k
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Memory needs grow exponentially with number of features

Model spectral density

J(w) (X107 a.u.)

04

Js(w)

Ju(w)

0 500 1000 1500
w (cm™1)

2000

O(N*)

Realistic spectral density

hw [cm™]
0 400 800 1200 1600

0.60 -

0.45 -

J(w) [eV]

- 4800
- 3600

- 2400

-1200

aw [eV]

L. P. Lindoy, et al., Nat. Commun. 14, 2733 (2

K typically 1 ~ 5.

K: 10s to 100s.

J(w) [cm™]




Approaches to curb the curse of dimensionality

More efficient BCF decomposition schemes, e.g.

Dé, Jaouadi, Mangaud, Chin and Desouter-Lecomte,
JCP 160, 244102 (2024)

Filter out near-zero ADMs

Q. Shi, L. Chen, G. Nan, R.-X. Xu, and Y. Yan,
JCP 130, 084105 (2009)




Tree Tensor Network HEOM and TENSO

Chen and Franco J. Chem. Phys. 163, 104109 (2025)
Rodriguez, Anderson, Niu, Chen, IF arXiv:2603.1771

Editor’s Pick!
Cover Article!
https://github.com/ifgroup/pytenso

- Enables HEOM computations with highly The Journal of
structured environments

Chemical Physics

- I Tree tensor network hierarchical equations of motion
I m p | e m e ntS te n SO r tral n S a n d te n SO r trees based on time-dependent variational principle for efficient
open quantum dynamics in structured thermal environments

Xinxian Chen and Ignacio Franco

- Three propagation strategies (Direct, PS1 and

PS2) ¢

- Fixed and variable rank propagation strategies }.z:;}a
, “’ »? ¢ s ,§ z
- Allows for time-dependent driving and non- ;{(2(:«:@%{()

commuting fluctuations

- Open-source code TENSO



https://arxiv.org/abs/2603.17711

Other HEOM Tensor Network Efforts

Tensor Train

Tensor Tree

Our Work

Y. Yan, M. Xu, T. Li, and Q. Shi, JCP 154, 194104 (2021)

Y. Ke, R. Borrelli, and M. Thoss, JCP 156, 194102 (2022)

Y. Ke JCP 158, 211102 (2023)

Fixed Rank + Propagator based on Trotter Splitting
No need for master equations for core tensors

Chen and Franco JCP 163, 104109 (2025)

Tensor Trees + Trains
Master equation for core tensors
Arbitrary Tree Geometry

Arbitrary Order for Tensors

Fixed and Variable Rank

Three Propagation Strategies




R
Ay = Z UsikskVy U'U=VV=1

k=1 semi-unitary matrices

sy : singular values (s1 > s9 > s > 0)

Keep the R largest singular values to compress redundant information in an
array
R is called the “rank” or “bond dimension”

Raw (R = 587) R=5 R =10

-——




TTN: repeated SVDs of a high-order tensor

Tensor Train

Appng = Y Cryngas USL) 0 U0, U

asnsal ~ asngaas ~ Nsnegas”®

ai1a2as
Tensor Tree n3
Y (1) (2) (3) "
I n
j4n&'“n6 T C}n1n2a1l]d2a3a1[[n3n4aglln5n6a3 !

ns

a1a2as3 \ n2
/ Ng

Semi-Unitary Tensors

Z Uéﬁy Uapy' = Oyy'
o

Root Tensor




TTN decomposition of the extended density operator

Hypothesis: There is significant redundancy in the bexcitonic
space that can be compressed

Extended Density Operator Q(t)) = Z 0 (t)|7)
n

Put all ADMs in a high-order
tensor Qijna..nxe = (P)ig

Tree-Tensor Network Decomposition

Bexciton indexes

/ in the leafs
(ng)
System indexes — .
in the root tensor

1

Polynomial space complexity with K (1)

O((M? + N*)R + KR*N)



Sum of product form for the generator of the dynamics

~0(t) = LAY
K
L(t) = —iHE () + > Dp=> hp(t) @by, (t) ©hG) @ - @ b
k=1 m
m | hn()  hs(t) by
1| —iHs(t) 1 i
2 1 iHg(t) 1
bk — 1 CkQS i ZAk_loAé};
bk 1 _EIEQS ZAk_léz};
51? + 1 —QS 1 OAékZAk
5k + 2 1 Qs G

Parallel to Multi-configurational time-dependent Hartree

H. Wang and M. Thoss, JCP 119, 1289 (2003)
000



Master Equation for Core Tensors

Time Dependent Variational Principle

S W), Kc _ ;) Q(t)] _ 0

Z]nan 1IN NK

fi) |

Root Tensor — Simpler Dynamics [a ) = B m} s ]

d (0 0
@Agfg)fa; =N vl [ aray AL,
Non-Root Tensors — Requires Regularization

U =3 > 10 gy (EDsrs DU by = U b 15,

m alasBy

SRR ——

R




Propagation Strategies

Adapt propagation strategies from MCTDH to the TTN-HEOM

Projector Splitting 1
« Trotterization algorithm. Errors determined by split time step

« Challenging to parallelize
* Fixed rank

Projector Splitting 2
« Similar features to PS1
* Two-site algorithm
« Adaptive rank

Direct Propagation of Master Equation for Core Tensors
« Admits high-order numerical propagation schemes
(e.g. Runge-Kutta) and their parallelization

* Requires regularization like in MCTDH (specially at
early times)

* Fixed rank



TENSO

Implemented in Python with NumPy and PyTorch
Supports HEOM/ML-MCDTH/etc in a unified framework

Supports direct integration, PS1, PS2 and mixed strategies for
propagation

Can handle structured baths for molecular systems
Arbitrary tensor trees and tensor order

User friendly, open source and available on GitHub

] ifgroup/pytenso Public

A Python package for Tensor Equations for Non-
Markovian Structured Open quantum system.

Python ﬁ 1 Updated 2 weeks ago

https://github.com/ifgroup/pytenso



TENSO

® O v < 0 ifgroup.github.io/pytensofindex.html > ® (I) + O

TENSQO Home Install  Getting Started  Background  Structure  Examples APl  Input Generator Cite  Contact Q

€& TTN-HEOM - Open Quantum Dynamics

TENSO

TENSOR EQUATIONS. FOR NON-MARKOVIAN STRUCTURED OPEN SYSTEMS

gies for

Tree tensor network propagation

< Get Started ©) GitHub

Exact O(polynomial) Arbitrary \ .,/

Quantum Dynamics Memory Scaling Tree TN Structures //__.:
N

https://github.com/ifgroup/pytenso



TTN-HEOM vs HEOM

0 100 200 300 1000 2000 3000
Time (fs) Time (fs)

— HEOM === TTN-HEOM

Figure 4.3 Comparison between the HEOM and the TTN-HEOM for a two-level system
{]0},]1)} interacting with a Drude-Lorentz bath. The plots show the population and purity
dynamics for the system Hg = Vo, with V = 1000 cm~! coupled to a Drude-Lorentz bath
with Ap = 200 cm™! and 9 = 100 cm™!. The system operator Qg is chosen as ¢,/2 such
that [Hg, Hsg] # 0. The initial system is a pure one as |¢s(t = 0)) = (|0) + |1))/2. As to
the HEOM parameters, N = 10 is chosen for each bexciton to guarantee the convergence
in depth, and the direct integration with a rank of 10 is used for TTN-HEOM.



Thymine (T) Sugar(S) Phosphate (P)

N eSSy s
“ b' - ) - ‘ A 4
> £ - Ve 7

Spectral densities extracted from 0L
resonance Raman experiments 400 860 12'00 1600

hwlem™]

S—
1243 cm™!
1376 cm-!
! 1663 cm""

Gustin, McCamant, Franco PNAS 120, 2309987120 (2023)




Example: Two-surface molecule

1
He — gaz Ve,  Os=o. ) = —=(10) +11)

Spectral density for thymine in 300 K water

Bath Features K= 20
1 from Drude-Lorentz solvent
16 from Brownian Oscillators
3 from low temperature corrections (Padé)

Impossible for other HEOM implementations

Balanced Tree Train Dense HEOM
Rank 40 60 80 40 60 80 -
Size (><106) 0.7 2.2 4.9 0.6 1.3 2.3 4.2 x 10

Table 4.2 The size (overall number of core tensor elements) of TTN for a bath described
by 20 features and a depth of 20 for each N.. The memory usage of a dense high-order
EDO tensor in HEOM is also showed for comparison.



Consistency between propagation strategies

E=5/ —— E=3V —— E=V
—— E=4V — E=2V — E=0
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Performance differences

30 0.5
gzs_ - 0.4 E
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Mixed strategy (PS2 to Direct) is the fastest

PS2 determines the ranks from initial-time dynamics
Direct propagation is efficient (after very early times)
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TENSO Tutorial

Rodriguez, Anderson, Niu, Chen and Franco
https://doi.org/10.48550/arXiv.2603.17711
JCTC (in press)

https://github.com/ifgroup/pytenso
Driven Qubits

Non-Commuting Fluctuators
FMO Complex

Molecules in Cavities
Entanglement Sudden Death

Advanced Features


https://doi.org/10.48550/arXiv.2603.17711

Tree Tensor Network HEOM and TENSO

Chen and Franco J. Chem. Phys. 163, 104109 (2025)
Anderson, Rodriguez, Niu, Chen, IF arXiv:2603.1771

https://github.com/ifgroup/pytenso

- Enables HEOM computations with highly
structured environments

The Journal of

- Implements tensor trains and tensor trees Chemical Fhysics |
- Three propagation strategies (Direct, PS1 and Tree tanisor network hisrarchical scustions of moion
based on time-dependent variational principle for efficient
PSZ) open quantum dynamics in structured thermal environments

Xinxian Chen and Ignacio Franco

- Fixed and variable rank propagation strategies

- Allows for time-dependent driving and non-

commuting fluctuations B Y 5.
’ 4 )’.0
i "= Z(“O\/ng)
- Open-source code TENSO X e

- Awesome tool for molecular QIS research



https://arxiv.org/abs/2603.17711
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