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Quantum Control of Matter at 
the Level of Electrons

e.g. Nature 605, 251 (2022)
PRL 135, 186901 (2025) 

Quantum Coherence in Matter
e.g. PNAS  120, e2309987120 (2023)

J. Chem. Phys. 163 104109 (2025)

Quantum Simulation
e.g. PRX Quantum 3, 040308 (2022)

Quantum Transport
e.g. Nature Comm. 14, 7646 (2023)

JACS 147, 20310 (2025)

Research in the Franco Group



Open Quantum Dynamics

In Nature, nothing exists alone …



Open Quantum Dynamics

Environment changes the system’s dynamics, 
introduces dephasing and relaxation 



What’s the fuzz about quantum coherence

Enhanced temporal coherence leads to 
enhanced laser spectroscopy

Coherence is the fuel behind all 
quantum technologies

Quantum Control 
Quantum Computation
Quantum Sensing

Needed for matter to exhibit 
interference/controlled entanglement
Needed for quantum unitary dynamics



The Chemistry of Quantum Decoherence
How molecular electronic decoherence studies look like right now:

e.g. J. Phys. Chem. Lett. 2, 2728 (2011)

How I would like them to look like

How does chemical 
substitution change 
decoherence? 

How does solvent polarity 
influence coherence loss? 

How does decoherence 
change along a 
homologous series? 

CnH2n+2



Tensor Network 
Strategies

Chemical Principles of 
Quantum Decoherence

Quantum Simulation

Theory of Dissipation 
Pathways

Foundations of 
Decoherence

JCP 160, 204116 (2024); 
JCP 163, 104109 (2025);
JCP 164, 024112 (2026)
arXiv:2603.17711

JCP 154, 084103 (2021); 
JCP 160, 214111 (2024); 
JCP 160, 214112 (2024) ; 
JPCL 16, 13093 (2025); 
JCP 164, 034105 (2026)

PNAS  120, e2309987120 
(2023)

PRX Quantum 3, 040308 
(2022); JPC A 129, 15, 
3587 (2025)

e.g. JCP 162, 064106 (2025); 
JPCL 13, 11503 (2022); 
JCP 151, 014109 (2019); 
JCP, 148, 134304 (2018); 
JPCL 9, 773 (2018)

https://arxiv.org/abs/2603.17711


Tree Tensor Network Decomposition of Open Quantum
Dynamics for Efficient Simulation of Next-Generation
Quantum Systems

@annylafont

Chen and IF J. Chem. Phys. 160, 204116 (2024)
Chen and IF J. Chem. Phys. 163, 104109 (2025)
Chen and IF J. Chem. Phys. 164, 024112 (2026)
Rodriguez, Anderson, Niu, Chen, IF JCTC arXiv:2603.17711
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HEOM

QuAPI

Reaction Coordinate Pseudo-mode

Redfield

Lindblad

Methods in Open Quantum Dynamics



The Hierarchical Equation of Motion (HEOM)

- System agnostic
- Admits driven systems
- Numerically exact for harmonic environments
- Admits non-commuting system-bath interactions
- Goes beyond Lindblad/Redfield Markovian models

Ishizaki and Tanimura, JCP 125 084501 (2006)
Tanaka and Tanimura, JCP 132 214502 (2010)
Tanimura JCP 141 044114 (2014)
Ikeda and Scholes, JCP, 152, 204101 (2020)
Tanimura, JCP 153, 020901 (2020)
Yan, Xu, Li, and Shi, JCP 154, 194104 (2021)
Chen and Franco, JCP 160, 204116 (2024)

- Memory hungry
- Computational cost scales exponentially with size of

system and complexity of the environment



 
                          

How does the HEOM fits in Quantum Dynamics
Explicit Environment

Implicit Environment
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Harmonic-bath 
models

Spin-bath models 
(less developed)

Expensive

Always approximate

As cheap as O(N2) in 
system size

Fully Quantum 

Semiclassical

Classical bath – no 
back action



 
                          

How does the HEOM fits in Quantum Dynamics
Explicit Environment

Implicit Environment
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MCTDH

Surface hopping

ab initio multiple 
spawning

HEOM

Hierarchy of pure 
states (HOPS)

Quasi-adiabatic path 
integral (QuAPI)

Redfield and Lindblad

TCL2 and other 
perturbative methods

Classical bath – no 
back action



Harmonic Environments

Subsystem

Bath

Useful model of the environment: Collection of harmonic oscillators
- Any environment can be mapped into an effective harmonic environment to 

second order in perturbation theory
- Dominant behavior in the thermodynamic limit
- The reason why the displaced harmonic oscillator model is so successful in 

spectroscopy

Feynman and Vernon. Ann. Phys. 24 118–173 (1963)
Caldeira and Leggett. Ann. Phys. 149 374–456 (1983)
Suárez and Silbey, J Chem. Phys. 95, 9115 (1991)
Makri J. Phys. Chem. B 103, 2823-2829 (1999)
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Dynamical Map for Harmonic Environments
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C(t) =
∫→
↑→ J (ω)(1 + nBE(ω, T ))e↑iωtdω.

Hamiltonian

Initially separable state
Exact dynamical map in interaction picture

Correlation Function

Spectral Density

Ishizaki and Fleming, J. Chem. Phys. 130, 234111 (2009)
Molinari, arXiv:1710.09248 (2017)
Isserlis, Biometrika 12, 134 (1918)
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A→B = AB →BA†Notation



Spectral Density: characterizes system-bath interaction

Subsystem

Bath

Summarizes frequencies of the bath and interaction strength with 
the system



Common Decomposition of the Spectral Density

Subsystem

Curb the curse of dimensionality in HEOM

In HEOM simulations:

L. P. Lindoy, et al., Nat. Commun. 14, 2733 (2023)

K: typically 1 → 5.

Realistic spectral density:

K: 10s to 100s.

Proposed method: Tree Tensor Network (TTN) for |ω(t)↑.

24

Other decompositions are possible 

Drude-Lorentz: solvent

Brownian Oscillator: intramolecular 
vibrations
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Subsystem
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In HEOM simulations:
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K: typically 1 → 5.

Realistic spectral density:

K: 10s to 100s.

Proposed method: Tree Tensor Network (TTN) for |ω(t)↑.
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Other decompositions are possible 

Drude-Lorentz: solvent

Brownian Oscillator: intramolecular 
vibrations

Reorganization energy

Oscillator frequency

width

Reorganization energy

Cutoff frequency



The HEOM way
<latexit sha1_base64="BOX+i3QUFyJPWfhigRsgwnaUWsY="></latexit>

C(t) =
∫→
↑→ J (ω)(1 + nBE(ω, T ))e↑iωtdω.Spectral Density

Decomposition the BCF into complex exponentials or features
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[fBE(z)]J (ϖj/ε)e
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From residue theorem/Padé or Matsubara expansions

Several available methods:
    JCP 130, 164708 (2009)  JCP 133, 101106 (2010)
    JCP 151, 024110 (2019)  JCP 152, 064107 (2020)
    PRL 129, 230601 (2022)  JCP 160, 204105 (2024)
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{ωi}
<latexit sha1_base64="iNObWt7lw/x+MEWKVwoV55o6lYg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU01EqseiF48V7Ac0IWy2m3bpZhN2N8US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpr6xubW+Xtys7u3v6BfXjUVkkmCW2RhCeyG2JFORO0pZnmtJtKiuOQ0044upv5nTGViiXiUU9S6sd4IFjECNZGCmzby5H3xAJ24YVUY28a2FWn5syBVolbkCoUaAb2l9dPSBZToQnHSvVcJ9V+jqVmhNNpxcsUTTEZ4QHtGSpwTJWfzy+fojOj9FGUSFNCo7n6eyLHsVKTODSdMdZDtezNxP+8XqajGz9nIs00FWSxKMo40gmaxYD6TFKi+cQQTCQztyIyxBITbcKqmBDc5ZdXSfuy5tZr9YerauO2iKMMJ3AK5+DCNTTgHprQAgJjeIZXeLNy68V6tz4WrSWrmDmGP7A+fwAT6ZNS</latexit>

{ωi/ε}
First order poles of                              in the lower half 

complex plane (guarantees that                              )

<latexit sha1_base64="CH/tz1ZnXwfChMohoFjO+X5nraM=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGpLosuhFXFewDOkPJpJk2NJMMSUYYhvorblwo4tYPceffmGlnoa0HAodz7uWenCBmVGnH+bZKa+sbm1vl7crO7t7+gX141FUikZh0sGBC9gOkCKOcdDTVjPRjSVAUMNILpje533skUlHBH3QaEz9CY05DipE20tCuehHSE4xYdjereyIiY3Q2tGtOw5kDrhK3IDVQoD20v7yRwElEuMYMKTVwnVj7GZKaYkZmFS9RJEZ4isZkYChHEVF+Ng8/g6dGGcFQSPO4hnP190aGIqXSKDCTeVS17OXif94g0eGVn1EeJ5pwvDgUJgxqAfMm4IhKgjVLDUFYUpMV4gmSCGvTV8WU4C5/eZV0zxtus9G8v6i1ros6yuAYnIA6cMElaIFb0AYdgEEKnsEreLOerBfr3fpYjJasYqcK/sD6/AFrJZSi</latexit>

J (ω)
<latexit sha1_base64="ABGXuDlfd+wHfBZCL8eUOQ5hVNk=">AAACIXicbZDLSsNAFIYnXmu9VV26GSxCXVgSEe1GKBXBpYJVoallMj2pgzNJmDkRS8iruPFV3LhQxJ34Mk4vi3r5YeDnO+dw5vxBIoVB1/10pqZnZufmCwvFxaXlldXS2vqliVPNocljGevrgBmQIoImCpRwnWhgKpBwFdwdD+pX96CNiKML7CfQVqwXiVBwhhZ1SrWw4yM8oFZZ4ySv+AEgo36soMd26BGteLtwk+1O4nzHAi/vlMpu1R2K/jXe2JTJWGed0offjXmqIEIumTEtz02wnTGNgkvIi35qIGH8jvWgZW3EFJh2Nrwwp9uWdGkYa/sipEM6OZExZUxfBbZTMbw1v2sD+F+tlWJYa2ciSlKEiI8WhamkGNNBXLQrNHCUfWsY18L+lfJbphlHG2rRhuD9PvmvudyregfVg/P9cr0xjqNANskWqRCPHJI6OSVnpEk4eSTP5JW8OU/Oi/PufIxap5zxzAb5IefrGx3koj0=</latexit>

fBE(ωε) = (1→ e→ωε)→1

<latexit sha1_base64="p/LK2SBIAupalm8LkivxTWCD7oM=">AAACDHicbVDLSsNAFJ34rPVVdelmsAh1UxKR6rLYjcsK9gFNKJPppB06mYSZG7GEfoAbf8WNC0Xc+gHu/BsnbRbaemDgcM653LnHjwXXYNvf1srq2vrGZmGruL2zu7dfOjhs6yhRlLVoJCLV9YlmgkvWAg6CdWPFSOgL1vHHjczv3DOleSTvYBIzLyRDyQNOCRipXyo3KnDmQoRt7AJ7ABWmmGg8xZCJLpcBTEzKrtoz4GXi5KSMcjT7pS93ENEkZBKoIFr3HDsGLyUKOBVsWnQTzWJCx2TIeoZKEjLtpbNjpvjUKAMcRMo8CXim/p5ISaj1JPRNMiQw0oteJv7n9RIIrryUyzgBJul8UZAIbO7MmsEDrhgFMTGEUMXNXzEdEUUomP6KpgRn8eRl0j6vOrVq7faiXL/O6yigY3SCKshBl6iOblATtRBFj+gZvaI368l6sd6tj3l0xcpnjtAfWJ8/6OyaUA==</latexit>

C(t) → 0 as t → ↑

Low temperature correctionsComplexity of the spectral density



The HEOM way
<latexit sha1_base64="BOX+i3QUFyJPWfhigRsgwnaUWsY="></latexit>

C(t) =
∫→
↑→ J (ω)(1 + nBE(ω, T ))e↑iωtdω.Spectral Density

Decomposition the BCF into complex exponentials or features
<latexit sha1_base64="TKP8eFk6w+0t01UftLBlAvxdU1U=">AAACHXicbVDJSgNBEO1xjXGLevTSGIR4CTMSopdAMBfBSwSzQJahp9NJmumeGbprhDDkR7z4K148KOLBi/g3dpZDTHxQ8Hiviqp6XiS4Btv+sdbWNza3tlM76d29/YPDzNFxXYexoqxGQxGqpkc0EzxgNeAgWDNSjEhPsIbnVyZ+45EpzcPgAUYR60gyCHifUwJGcjMFjCs5uMAl3NaxdBO/5Iy7d5i6PmbdpD0gUhLXh3EaL8DNZO28PQVeJc6cZNEcVTfz1e6FNJYsACqI1i3HjqCTEAWcCjZOt2PNIkJ9MmAtQwMime4k0+/G+NwoPdwPlakA8FRdnEiI1HokPdMpCQz1sjcR//NaMfSvOwkPohhYQGeL+rHAEOJJVLjHFaMgRoYQqri5FdMhUYSCCTRtQnCWX14l9cu8U8wX7wvZ8s08jhQ6RWcohxx0hcroFlVRDVH0hF7QG3q3nq1X68P6nLWuWfOZE/QH1vcvzFqdXA==</latexit>

C(t) =
K∑

k=1

cke
ωkt

<latexit sha1_base64="ZjBDHl3xJ5X3r2rdQN2ugmoQD8c="></latexit>

C→(t) =
K∑

k=1

c̄ke
ωkt.



The HEOM way
BCF decomposition

<latexit sha1_base64="TKP8eFk6w+0t01UftLBlAvxdU1U=">AAACHXicbVDJSgNBEO1xjXGLevTSGIR4CTMSopdAMBfBSwSzQJahp9NJmumeGbprhDDkR7z4K148KOLBi/g3dpZDTHxQ8Hiviqp6XiS4Btv+sdbWNza3tlM76d29/YPDzNFxXYexoqxGQxGqpkc0EzxgNeAgWDNSjEhPsIbnVyZ+45EpzcPgAUYR60gyCHifUwJGcjMFjCs5uMAl3NaxdBO/5Iy7d5i6PmbdpD0gUhLXh3EaL8DNZO28PQVeJc6cZNEcVTfz1e6FNJYsACqI1i3HjqCTEAWcCjZOt2PNIkJ9MmAtQwMime4k0+/G+NwoPdwPlakA8FRdnEiI1HokPdMpCQz1sjcR//NaMfSvOwkPohhYQGeL+rHAEOJJVLjHFaMgRoYQqri5FdMhUYSCCTRtQnCWX14l9cu8U8wX7wvZ8s08jhQ6RWcohxx0hcroFlVRDVH0hF7QG3q3nq1X68P6nLWuWfOZE/QH1vcvzFqdXA==</latexit>

C(t) =
K∑

k=1

cke
ωkt

<latexit sha1_base64="ZjBDHl3xJ5X3r2rdQN2ugmoQD8c="></latexit>

C→(t) =
K∑

k=1

c̄ke
ωkt.

Common Cases

<latexit sha1_base64="WrfZjFDWYuGyhWJy6Crau77sUDU="></latexit>

J(ω) =
4

ε
ϑbω

2
b

ωϖb

(ω2 → ω2
b )

2
+ 4ω2ϖ2

b

Drude-Lorentz 
- leads to one decaying real exponential 
with characteristic rate        (one feature)

<latexit sha1_base64="UvMB2pzOLDFhMd9nd0gLRtQq0R8="></latexit>

J(ω) =
2

ε

ϑωωc

ω2
c + ω2

<latexit sha1_base64="+sXBDsUQQ+6/WSWsyR8VmmrpG0g=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmIckS5id9CZD5rHMzAoh5Cu8eFDEq5/jzb9xNtmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fg289tPoA1T8sFOEggFGUoWM0qskx57SsCQ9GmpX674VX8OvEqCnFRQjka//NUbKJoKkJZyYkw38BMbTom2jHKYlXqpgYTQMRlC11FJBJhwOj94hs+cMsCx0q6kxXP198SUCGMmInKdgtiRWfYy8T+vm9r4OpwymaQWJF0silOOrcLZ93jANFDLJ44Qqpm7FdMR0YRal1EWQrD88ippXVSDWrV2f1mp3+RxFNEJOkXnKEBXqI7uUAM1EUUCPaNX9OZp78V79z4WrQUvnzlGf+B9/gBAMZAQ</latexit>ωc

Brownian 

- leads to two oscillatory decaying 
exponentials (two features)

Low temperature 
corrections

- Poles of thermal factor are 
purely imaginary

- Each leads to a decaying 
exponentials (one feature per 
correction) 



The HEOM way
Decomposition the BCF into complex exponentials or features is exact

<latexit sha1_base64="TKP8eFk6w+0t01UftLBlAvxdU1U=">AAACHXicbVDJSgNBEO1xjXGLevTSGIR4CTMSopdAMBfBSwSzQJahp9NJmumeGbprhDDkR7z4K148KOLBi/g3dpZDTHxQ8Hiviqp6XiS4Btv+sdbWNza3tlM76d29/YPDzNFxXYexoqxGQxGqpkc0EzxgNeAgWDNSjEhPsIbnVyZ+45EpzcPgAUYR60gyCHifUwJGcjMFjCs5uMAl3NaxdBO/5Iy7d5i6PmbdpD0gUhLXh3EaL8DNZO28PQVeJc6cZNEcVTfz1e6FNJYsACqI1i3HjqCTEAWcCjZOt2PNIkJ9MmAtQwMime4k0+/G+NwoPdwPlakA8FRdnEiI1HokPdMpCQz1sjcR//NaMfSvOwkPohhYQGeL+rHAEOJJVLjHFaMgRoYQqri5FdMhUYSCCTRtQnCWX14l9cu8U8wX7wvZ8s08jhQ6RWcohxx0hcroFlVRDVH0hF7QG3q3nq1X68P6nLWuWfOZE/QH1vcvzFqdXA==</latexit>

C(t) =
K∑

k=1

cke
ωkt

<latexit sha1_base64="ZjBDHl3xJ5X3r2rdQN2ugmoQD8c="></latexit>

C→(t) =
K∑

k=1

c̄ke
ωkt.

<latexit sha1_base64="qOvdKkKNmsnHkkaGJIPoLKSAIpE="></latexit>

C(t) = →2ωi
∑

i

Res
z=ωi

[J (z)]fBE(εϑi)e
→iωit → 2ωi

∑

j

Res
z=εj

[fBE(z)]J (ϖj/ε)e
→i(εj/ϑ)t,

From residue theorem/Padé or Matsubara expansions

Use this decomposition to decompose the dynamical map

Introduce auxiliary density matrix (ADM) to keep bath information

<latexit sha1_base64="+niE97dNZHxcvGpNtxtba9vQkGw="></latexit>ωωn = ωn1,...,nK
<latexit sha1_base64="zGjFBTmoWQlRXJDfwXzKA4SBWZQ="></latexit>

nk = 0, 1, 2, . . . , N

N is the depth of the HEOM 



The HEOM way

<latexit sha1_base64="OYVkwjjPkszNAULZozDNjisRhw4="></latexit>

ω

ωt
εωn(t) = →iH→

S +
∑

k

(
nkϑkεωn(t)→ ink

(
ckq

>
S → c̄kq

<
S

)
εωn↑1̂k

(t)→ iq→S εωn+1̂k
(t)

)

Tanimura and Kubo. J. Phys. Soc. Jpn. 58, 101–114 (1989)
Tanimura. J. Chem. Phys. 153, 020901 (2020)

The HEOM challenge: the curse of dimensionality data/logo1-cmyk-eps-converted-to.pdf

• One feature:

ω0 ω1 ω2 · · ·

• Two features:

ω00

ω01

ω10

ω11

ω02

ω20

ω12

ω21

ω22

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

• K-feature: Number of ADMs exponentially grows as L
K .

5

Curse of dimensionality: The hierarchy generate an infinite K-
dimensional grid



Bexcitonic generalization of the HEOM
X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)

<latexit sha1_base64="1kidm48kRt/h2kBnWkyijU9QMrk=">AAACCnicbVDLSsNAFJ34rPUVdelmaBHqpiQuqptCsQsFNxXsA5oYJtNpO2QmCTMToYTuRdz4Iy7cqLj1B7r0Z8TpY6GtBy4czrmXe+/xY0alsqwvY2l5ZXVtPbOR3dza3tk19/YbMkoEJnUcsUi0fCQJoyGpK6oYacWCIO4z0vSD6thv3hEhaRTeqEFMXI56Ie1SjJSWPDNXLahjWIaOTLiXBmV7eHsFsRdAJ5bUC7SZ9cy8VbQmgIvEnpF85eKh+u08jWqeOXI6EU44CRVmSMq2bcXKTZFQFDMyzDqJJDHCAeqRtqYh4kS66eSXITzSSgd2I6ErVHCi/p5IEZdywH3dyZHqy3lvLP7ntRPVPXNTGsaJIiGeLuomDKoIjoOBHSoIVmygCcKC6lsh7iOBsNLx6Qzs+Y8XSeOkaJeKpWsdxjmYIgMOQQ4UgA1OQQVcghqoAwzuwTN4BW/Go/FivBsf09YlYzZzAP7A+PwBTKycww==</latexit>

C(t) =
K∑

k=1

ckωk(t)

<latexit sha1_base64="o5AgBpCvUaxPTNNbo0C/Sdxq2C4="></latexit>

Cω(t) =
K∑

k=1

c̄kωk(t)

<latexit sha1_base64="1btSFdvl4K53qukRHO7CuFapZBM="></latexit>

d

dt
ωk(t) =

K∑

k→=1

εkk→ωk→(t)

<latexit sha1_base64="H+PLVhRbQM6plkq8FbYIn94aah0="></latexit>

ωk(0) = 1

<latexit sha1_base64="3LXgYu1epL/EI+Sib/fafIU4GPw="></latexit>

ω̃ωn(t) → T
(

K∏

k=1

f̃ nk
k (t, 0)

Zk(nk)
↑
nk!

)
F̃(t, 0)εS(0)

<latexit sha1_base64="WsVGUqbe8lBn/28Z4N0NaCl62+U="></latexit>

f̃k(t, 0) = ckω̃
>
k (t, 0)→ c̄kω̃

<
k (t, 0)

<latexit sha1_base64="HXII1YsE1cg2ENz77EXP/rIfWwA="></latexit>

ω̃k(s, 0) =

∫ s

0
Q̃S(u)εk(s→ u)du

Decomposition of the BCF into K features

Define Auxiliary Density Matrices (ADMs)
<latexit sha1_base64="Ns4wrAG4tC0RGfzciZcnYuvE+Qo="></latexit>

ωn → (n1, . . . , nK)

Zk is a non-zero c-number: metric

<latexit sha1_base64="8VdcDYmbj2eEPwNtsKyDVfNNUYY="></latexit>

ω̃S(t) = T F̃(t, 0)ωS(0) → T exp
(
↑
∫ t
0 dt2Q̃

→
S (t2)

∫ t2
0 dt1[C(t2 ↑ t1)Q̃S(t1)]→

)
ωS(0)



Bexcitonic generalization of the HEOM

<latexit sha1_base64="RtDml0kl6i2d1KlKTNfQhAv2/S8="></latexit>

|ωn→ ↑ |n1→ ↓ · · ·↓ |nk→

Put all the ADMs in a vector 

<latexit sha1_base64="LkgWHxZaIfYoNaLnGTTRdDoJQ4Q="></latexit>

Dk = ωkkn̂k +
∑

k→ →=k

ωkk→ ẑ↑1
k ε̂†

kε̂k→ ẑk→ + (ckQ
>
S → c̄kQ

<
S )ẑ

↑1
k ε̂†

k →Q↓
S ε̂kẑk

<latexit sha1_base64="xCnRNMpijER/Rbve99Y0Ni6WTuM="></latexit>

ω̂†
k|nk→ =

↑
nk + 1|nk + 1→

<latexit sha1_base64="IpPtpgBeUH760Qo5J+oKSKRlgnY="></latexit>

ω̂k|nk→ =
↑
nk|nk ↓ 1→

<latexit sha1_base64="IIAiWHrqMkheM0zrkQ5FyGOXxXk="></latexit>

n̂k = ω̂†
kω̂k

<latexit sha1_base64="c/iMk5FWmv5BVReN1VdP8mTsSrQ="></latexit>

ẑk

Varying BCF decomposition, metric, representation leads to various HEOM 
variants

Equations of motion

metric operator (needs to commute with nk) 

Bexciton 
raising/lowering 
operators

X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)

<latexit sha1_base64="6qaJHU+UV6rWBeZh7EwgSgjtZQQ="></latexit>

|!(t)→ ↑
∑

ωn

ωωn(t)|εn→

<latexit sha1_base64="CTtWjAthmkOj6lh350waOlYEfAo="></latexit>

d

dt
|!(t)→ =

(
↑iH→

S (t) +
K∑

k=1

Dk

)
|!(t)→

<latexit sha1_base64="tr0fte1Dwf5iws89Aq+RussnetM="></latexit>

|!(0)→ = ωS(0)|0→ ↑ · · ·↑ |0→



Bexcitonic picture
X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)

<latexit sha1_base64="LkgWHxZaIfYoNaLnGTTRdDoJQ4Q="></latexit>

Dk = ωkkn̂k +
∑

k→ →=k

ωkk→ ẑ↑1
k ε̂†

kε̂k→ ẑk→ + (ckQ
>
S → c̄kQ

<
S )ẑ

↑1
k ε̂†

k →Q↓
S ε̂kẑk

Open Quantum Dynamics =  Dynamics of the System + Bexcitons 
              (fictitious bosonic quasiparticles)

Depth of HEOM N = Number of bexcitonic levels

<latexit sha1_base64="CTtWjAthmkOj6lh350waOlYEfAo="></latexit>

d

dt
|!(t)→ =

(
↑iH→

S (t) +
K∑

k=1

Dk

)
|!(t)→



Develop many HEOM variants

<latexit sha1_base64="LkgWHxZaIfYoNaLnGTTRdDoJQ4Q="></latexit>

Dk = ωkkn̂k +
∑

k→ →=k

ωkk→ ẑ↑1
k ε̂†

kε̂k→ ẑk→ + (ckQ
>
S → c̄kQ

<
S )ẑ

↑1
k ε̂†

k →Q↓
S ε̂kẑk

Flexibility:
- Varying BCF decomposition
- Bexciton representation: position, momentum, number, etc
- Metric

<latexit sha1_base64="CTtWjAthmkOj6lh350waOlYEfAo="></latexit>

d

dt
|!(t)→ =

(
↑iH→

S (t) +
K∑

k=1

Dk

)
|!(t)→

Connection to variants of HEOM methods

Flexibility of the bexcitonic master equation: ẑk; basis for bexcitons.
Relation to HEOM variants in the literature (ωk(t) = e−γkt):

Q. Shi, et al., J. Chem. Phys. 130, 84105 (2009)
T. Ikeda and A. Nakayama, J. Chem. Phys. 156, 104104 (2022)

Bexcitonics

Standard HEOM

Scaled HEOM

Collective bath coordinate

number basis

ẑk = in̂−1/2
k

ẑk = i
)

|ck|1̂

position basis; ẑk = izk1̂

19Q. Shi, et al., J. Chem. Phys. 130, 84105 (2009)
T. Ikeda and A. Nakayama, J. Chem. Phys. 156, 104104 (2022)



Anatomy of the DecoherenceNumerical verification

ωz =

(
1 0

0 →1

)
ωx =

(
0 1

1 0

)

• Qubit model {|e→, |g→}:
HS = (E/2)ωz + Eωx

• QS = ωz

• Starts from a pure state
|ε→ = (|g→ + |e→)/

↑
2.

• Purity: TrS{ϑ
2
S
(t)}
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The curse of dimensionality in HEOM

Curb the curse of dimensionality in HEOM

In HEOM simulations:

L. P. Lindoy, et al., Nat. Commun. 14, 2733 (2023)

K: typically 1 → 5.

Realistic spectral density:

K: 10s to 100s.

Proposed method: Tree Tensor Network (TTN) for |ω(t)↑.

24
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O(NK)

Memory needs grow exponentially with number of features

Model spectral density Realistic spectral density



Approaches to curb the curse of dimensionality

More efficient BCF decomposition schemes, e.g. 
Dé, Jaouadi, Mangaud, Chin and Desouter-Lecomte, 
JCP 160, 244102 (2024)

Filter out near-zero ADMs
Q. Shi, L. Chen, G. Nan, R.-X. Xu, and Y. Yan, 

JCP 130, 084105 (2009)



Tree Tensor Network HEOM and TENSO
Chen and Franco J. Chem. Phys. 163, 104109 (2025)
Rodriguez, Anderson, Niu, Chen, IF arXiv:2603.1771

Editor’s Pick!   
Cover Article!
https://github.com/ifgroup/pytenso

- Enables HEOM computations with highly 
structured environments

- Implements tensor trains and tensor trees

- Three propagation strategies (Direct, PS1 and 
PS2)

- Fixed and variable rank propagation strategies

- Allows for time-dependent driving and non-
commuting fluctuations

- Open-source code TENSO

https://arxiv.org/abs/2603.17711


Other HEOM Tensor Network Efforts
Y. Yan, M. Xu, T. Li, and Q. Shi, JCP 154, 194104 (2021)

Y. Ke, R. Borrelli, and M. Thoss, JCP 156, 194102 (2022)

Y. Ke JCP 158, 211102 (2023)

Chen and Franco JCP 163, 104109 (2025)

Tensor Train

Tensor Tree 

Fixed Rank + Propagator based on Trotter Splitting
No need for master equations for core tensors

Our Work

Tensor Trees + Trains

Master equation for core tensors 

Arbitrary Tree Geometry

Arbitrary Order for Tensors

Fixed and Variable Rank

Three Propagation Strategies



Singular Value Decomposition (SVD)

Singular Value Decomposition (SVD)

• Matrix SVD: Aij =
∑R

k=1 UikskV
→
jk with U

†
U = V

†
V = 1̂ (semi-unitary).

• sk: singular values (s1 → s2 → sK → 0).

• Truncated SVD: Only keep the largest R singular values.

Raw (R = 587) R = 5 R = 10 R = 20 R = 50

• Compress redundant information in an array.
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<latexit sha1_base64="hCpg67VyORuehjIX18hRHtcagkg="></latexit>

Aij =
R∑

k=1

UikskV
→
jk

<latexit sha1_base64="oMankX1bqBwGyjhKsUF6QPJ3dls="></latexit>

U †U = V †V = 1̂

<latexit sha1_base64="l73EW3pRZxF4HPAk8VNcrE/Rtjs="></latexit>

sk : singular values (s1 → s2 → sK → 0)

semi-unitary matrices

Keep the R largest singular values to compress redundant information in an 
array 
R is called the “rank” or “bond dimension”



From SVD to Tree Tensor Network (TTN)

<latexit sha1_base64="TYpYCj7heVUU1aHCdwaeIdpNLOQ="></latexit>

An1···n6 =
∑

a1a2a3

Cn1n2a1U
(1)
a2a3a1

U (2)
n3n4a2

U (3)
n5n6a3
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An1···n6 =
∑

a1a2a3

Cn1n2a1U
(1)
a2n3a1

U (2)
a3n4a2

U (3)
n5n6a3

.

From SVD to TTN

TTN: repeated SVDs of a high-order tensor An1···nK .

• Tensor Train:

An1···n6 =
∑

a1a2a3

Cn1n2a1U
(1)
a2n3a1

U
(2)
a3n4a2

U
(3)
n5n6a3

.

1 2 3n1

n2 n3 n4 n5

n6

• Tensor Tree:

An1···n6 =
∑

a1a2a3

Cn1n2a1U
(1)
a2a3a1

U
(2)
n3n4a2

U
(3)
n5n6a3

. 1

2

3

n3

n4

n5

n6

n1

n2

• Semi-unitary (for non-roots):
∑

ωε U
ϑ
ωεϖUωεϖ→ = ωϖϖ→ .
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• Tensor Tree:

An1···n6 =
∑
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(1)
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(2)
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<latexit sha1_base64="+208Adn3wufRKI2JSWeOj50l1RI="></latexit>∑

ωε

Uϑ
ωεϖUωεϖ→ = ωϖϖ→

TTN: repeated SVDs of a high-order tensor

Tensor Train

Tensor Tree

Root Tensor
Semi-Unitary Tensors



TTN decomposition of the extended density operator

<latexit sha1_base64="8PHrD7fA+Tm6kreSqQbKfG79XjI="></latexit>

!ijn1...nK = (ωωn)ij

<latexit sha1_base64="FBKjGE/P2jg6nDdBSWlwewZwVi4="></latexit>

O((M2 +N2)R+KR2N)

Hypothesis: There is significant redundancy in the bexcitonic 
space that can be compressed

Extended Density Operator

Put all ADMs in a high-order 
tensor

TTN decomposition of |ω(t)→

• Hypothesis: |ω(t)→ contains lots of redundant information.

• Put all ADM elements in a high-order tensor:

!ijn1...nK = (εωn)ij , where εωn = ↑n1 · · · nK |ω→

• Formally polynomial space complexity:

O((M2 + N
2)R + KR

2
N)

M : # of system’s states; N : depth; R: rank.

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·
· · ·

(nk)

i

j
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System indexes 
in the root tensor

Bexciton indexes 
in the leafs

Tree-Tensor Network Decomposition

Polynomial space complexity with K (!)

<latexit sha1_base64="6qaJHU+UV6rWBeZh7EwgSgjtZQQ="></latexit>

|!(t)→ ↑
∑

ωn

ωωn(t)|εn→



Sum of product form for the generator of the dynamics
<latexit sha1_base64="Z1AX3qfBlMN0L/57Uu648QkrDXA="></latexit>

d

dt
!(t) = L(t)!(t)

<latexit sha1_base64="OPZNxtnugmZ9/JUcTWdhi2Hgbms="></latexit>

L(t) = →iH→
S (t) +

K∑

k=1

Dk =
∑

m

h
>
m(t)↑ h

<
m(t)↑ h

(1)
m ↑ · · ·↑ h

(K)
m .
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m h
>
m(t) h

<
m(t) h

(k)
m

1 →iHS(t) 1̂ 1̂
2 1̂ iHS(t) 1̂

5k → 2 1̂ 1̂ ωkkn̂k

5k → 1 ckQS 1̂ ẑk
→1

ε̂
†
k

5k 1̂ →c̄kQS ẑk
→1

ε̂
†
k

5k + 1 →QS 1̂ ε̂kẑk

5k + 2 1̂ QS ε̂kẑk

Parallel to Multi-configurational time-dependent Hartree
H. Wang and M. Thoss, JCP 119, 1289 (2003)



Master Equation for Core Tensors

<latexit sha1_base64="VsHL88sWut/vsocgabVonQX8lUE="></latexit> ∑

ijn1···nK

[ω!(t)]ωijn1···nK

[(
L→ d

dt

)
!(t)

]

ijn1···nK

= 0
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ω
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1
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∑

ija1
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(1)
m ]a→

1a1
A(0)

ija1
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)

Master equations for the TTN

• Root tensor:
ω

ωt
A

(0)
i→j→a→

1
=

∑

m

∑

ija1
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ija1
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]
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Master equations for the TTN
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Time Dependent Variational Principle

Root Tensor – Simpler Dynamics

Non-Root Tensors – Requires Regularization



Propagation Strategies

Adapt propagation strategies from MCTDH to the TTN-HEOM

Direct Propagation of Master Equation for Core Tensors
• Admits high-order numerical propagation schemes 

(e.g. Runge-Kutta) and their parallelization
• Requires regularization like in MCTDH (specially at 

early times)
• Fixed rank

Projector Splitting 1
• Trotterization algorithm. Errors determined by split time step
• Challenging to parallelize
• Fixed rank

Projector Splitting 2
• Similar features to PS1
• Two-site algorithm
• Adaptive rank



TENSO

• Implemented in Python with NumPy and PyTorch

• Supports HEOM/ML-MCDTH/etc in a unified framework

• Supports direct integration, PS1, PS2 and mixed strategies for 
propagation

• Can handle structured baths for molecular systems

• Arbitrary tensor trees and tensor order

• User friendly, open source and available on GitHub

TENSO: a Pythonic implementation of TTN-HEOM

• Implemented in Python with NumPy and PyTorch.

• Supports HEOM/ML-MCTDH/etc. in a unified framework.

• Supports direct integration, PS1, PS2, and mixed strategies for propagation.

• Can handle structured baths for molecular systems.

• Open-source and available on GitHub.

https://github.com/ifgroup/pytenso
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TTN-HEOM vs HEOM

137

Figure 4.3 Comparison between the HEOM and the TTN-HEOM for a two-level system
{|0→, |1→} interacting with a Drude-Lorentz bath. The plots show the population and purity
dynamics for the system HS = V ωx with V = 1000 cm→1 coupled to a Drude-Lorentz bath
with ε0 = 200 cm→1 and ϑ0 = 100 cm→1. The system operator QS is chosen as ωz/2 such
that [HS, HSB] ↑= 0. The initial system is a pure one as |ϖS(t = 0)→ = (|0→ + |1→)/2. As to
the HEOM parameters, Nk = 10 is chosen for each bexciton to guarantee the convergence
in depth, and the direct integration with a rank of 10 is used for TTN-HEOM.



Finally! Decoherence in realistic chemical 
systems

Gustin, McCamant, Franco PNAS  120, e2309987120 (2023)

Spectral densities extracted from 
resonance Raman experiments



Example: Two-surface molecule
<latexit sha1_base64="Tuo25AxINLdXLOHwxkUaLiRVgXk="></latexit>
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2
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QS = ωz
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HS =
E

2
ωz + V ωx

Spectral density for thymine in 300 K water

Bath Features K = 20
 1 from Drude-Lorentz solvent
 16 from Brownian Oscillators
 3 from low temperature corrections (Padé)

Impossible for other HEOM implementations 147

Balanced Tree Train Dense HEOM

Rank 40 60 80 40 60 80 —
Size (→106) 0.7 2.2 4.9 0.6 1.3 2.3 4.2 → 1020

Table 4.2 The size (overall number of core tensor elements) of TTN for a bath described
by 20 features and a depth of 20 for each Nk. The memory usage of a dense high-order
EDO tensor in HEOM is also showed for comparison.

4.4 Conclusion

In conclusion, we introduced TTN-HEOM, a numerically exact quantum master equa-

tion method based on the bexcitonic hierarchical equations of motion (HEOM) and

a tree tensor network (TTN) decomposition. TTN-HEOM is designed to capture

the dynamics of driven open quantum systems interacting with structured bosonic

thermal environments even those of chemical complexity.

The specific advances of this paper are as follows: (1) We introduced a tensor net-

work decomposition of the HEOM based on the bexcitonic generalization. As such,

the proposed TTN decomposition applies to all HEOM variants that can be cast into

the general bexcitonic form—including the standard HEOM with and without scal-

ing, and the collective bath coordinate method—and admits a representation of the

bexcitons in number, position or momentum basis. (2) We showed that the bexci-

tonic equations of motion can naturally be expressed in sum-of-product form, that the

bexcitonic density operator can be decomposed by a tree tensor network, and that a

useful set of coupled master equations can be developed for the low-order tensors from

Dirac–Frenkel’s TDVP. Our developments are analogous to the ML-MCTDH, as the

three main design principles (sum-of-product dynamical generator, tree tensor net-

work decomposition, and Dirac–Frenkel’s TDVP) are identical. However, while ML-

MCTDH is designed for unitary dynamics, the TTN-HEOM is designed for thermal



Consistency between propagation strategies
Consistency between di!erent propagation strategies
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Performance differences Performance di!erences between di!erent propagation strategies

• Mixed strategy (PS2 → Direct) is the fastest:
Automatic and compact sizes of the TTN determined from the initial dynamics.

37

Mixed strategy (PS2 to Direct) is the fastest
 
  PS2 determines the ranks from initial-time dynamics
  Direct propagation is efficient (after very early times)



Trees vs. Trains 144

Figure 4.7 Balanced Tensor Tree vs. Tensor Train TTN-HEOM dynamics for
the system in Fig. 4.4 using the mixed strategy (PS2 → direct) with maximum rank thresh-
old 80. Note that the dynamics is independent of the tree structure.

tree and tensor train. The tensor train scheme as that shown in Fig. 4.1(a) with

K = 20, and the tree scheme that shown in Fig. 4.1(c). Figure 4.7 shows that, as

expected, the open quantum dynamics is independent of the TTN employed.

Figure 4.8 shows the growth of the maximal rank and size (overall number of

core tensor elements) of the TTN with these two TTN structures for the dynamics in

Fig. 4.7. The maximal rank increases during the PS2 propagation until it satisfies the

threshold and changes to the direct method of fixed rank. Overall, the size of the TTN

in the tensor train (Fig. 4.1(a)) grows faster than that in the tree scheme (Fig. 4.1(c)),

PS2 to Direct



TENSO Tutorial
Rodríguez, Anderson, Niu, Chen and Franco 
https://doi.org/10.48550/arXiv.2603.17711
JCTC (in press)

https://github.com/ifgroup/pytenso
• Driven Qubits

• Non-Commuting Fluctuators

• FMO Complex

• Molecules in Cavities

• Entanglement Sudden Death

• Advanced Features

https://doi.org/10.48550/arXiv.2603.17711


Tree Tensor Network HEOM and TENSO
Chen and Franco J. Chem. Phys. 163, 104109 (2025)
Anderson, Rodriguez, Niu, Chen, IF arXiv:2603.1771

https://github.com/ifgroup/pytenso

- Enables HEOM computations with highly 
structured environments

- Implements tensor trains and tensor trees

- Three propagation strategies (Direct, PS1 and 
PS2)

- Fixed and variable rank propagation strategies

- Allows for time-dependent driving and non-
commuting fluctuations

- Open-source code TENSO

- Awesome tool for molecular QIS research

https://arxiv.org/abs/2603.17711
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